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Abstract. We introduce a natural notion of cobordism between sutured man- 
ifolds. Then we construct a map on sutured Floer homology, induced by 
cobordisms between balanced sutured manifolds. This map is a common gen- 
eralization of the hat version of the cobordism map in Heegaard-Floer theory, 
and the contact gluing map recently defined by Honda, Kazez, and Matic. 
We show that SFH, together with the above cobordism maps, form a type of 
TQFT in the sense of Atiyah. As a special case, our theory gives rise to a map 
on link Floer homology, induced by decorated link cobordisms. 



1. Introduction 

Sutured manifolds, introduced by Gabai in [5], have been of great use in 3- 
manifold topofogy, and especially in knot theory. A parallel between convex surface 
theory and sutured manifolds was drawn in making apparent their usefulness 
in contact topology. In [13] , we defined an invariant called sutured Floer homology, 
in short SFH, for balanced sutured manifolds. SFH can be viewed as a common 
generalization of the hat version of Heegaard-Floer homology, and link Floer ho- 
mology, both defined by Ozsvath and Szabo in [17] and [20|. In [14], we showed 
that SFH behaves nicely under sutured manifold decompositions, which has several 
important consequences. 

In the present paper, we define a notion of cobordism between sutured manifolds 
(Mo,7o) and (Mi, 71). It consists of a triple W = {W,Z,^), where is a four- 
manifold with boundary and corners. The horizontal part of dW is —Mq U Mi. 
The vertical part Z is a cobordism between OMq and —dMi, and carries a contact 
structure ^ such that both OMq and dMi are convex surfaces, with dividing set 70 
and 71, respectively. Balanced sutured manifolds, together with equivalence classes 
of cobordisms between them, form a category. We extend SFH to a functor from 
this category to finitely generated Abelian groups, giving a type of TQFT. 

There might seem to be an alternative definition for cobordisms between sutured 
manifolds. One could consider triples {W, Z,F), where is a four- manifold with 
corners, and has horizontal boundary — Mq U Mi. Furthermore, Z is a cobordism 
between OMq and —dMi, and F C Z is a cobordism between 70 and —71. A Morse- 
theoretic approach to define cobordism maps for such objects would require that 
every non-singular level set is a balanced sutured manifold. For this, the pair (Z, F) 
has to be built up from pairs of 3-dimensional and 2-dimensional handles that are 
cut into two equal halves by the 2-dimensional handle, or equivalently, contact 
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handles. A contact handle decomposition of Z gives rise to a contact structure ^, 
and we arrive at the previous definition. 

The construction of the map i^W: assigned to a cobordism W, goes as follows. 
The sutured manifold (— Mq,— 70) is a sutured submanifold of (— A^, — 71) in the 
sense of [9,, where N = Mq U —Z. So the contact structure ^ on Z induces a gluing 
map 

$4: SFHiMo,-fo) ^ 5Fi/(A^,7i), 

as described in [9]. Then one can view W as a cobordism Wi — {W,Zi,£^i) from 
(A^, 71) to (Ml, 71) such that Zi ~ dMi x /, and ^ is the /-invariant contact 
structure such that dAIi x {{} is a convex surface with dividing set 71 x {t} for 
every tel. We call such a cobordism special, and it can be described using one-, 
two-, and three- handle attachments along the interior of A^. Generalizing the hat 
version of the cobordism maps on Heegaard-Floer homology, one gets a map -Fyvi 
induced by a special cobordisms Wi. Finally, we set Fyy = -FWi ° ^(,- This map 
is functorial; i.e., Fwow = -^w ° Fw ■ It is important to note that the map Fyy 
is only well-defined up to sign, and this can not be improved as the sign of $^ is 
ambiguous by subsection 7.3 of j^. 

As a special case, we get maps on link Floer homology, induced by decorated 
link cobordisms. More precisely, we consider decorated links (y, L,P), where P 
consists of a positive even number of alternating positive and negative marked 
points on each component of the oriented link L. This gives rise to a decomposition 
of L into compact one-dimensional submanifolds it!+(P) and R-{P), such that 
R+{P) n i?_(P) = P, and if we orient the arcs of R+{P) consistently with L, 
then they point from negative to positive marked points. A cobordism from the 
decorated hnk {Yo,Lo,Po) to (^1,^1, Pi) is a triple {X,F,a), where {F,a) is a 
surface with divides such that a consists of embedded curves connecting the marked 
points, and divides F into compact subsurfaces P+(cr) and R-{a). We require that 
R±[(j)nLi = R±{Pi) for i = 0, 1. If we are also given a framing of F, then a defines 
a contact structure ^ on dN{F), making {X \ A(P), dN{F),S^) into a cobordism W 
between the sutured manifolds (Yi \ N{Li), Pi x S^) ioi i = 0,1, complementary to 
the decorated links. If both H^{X) and H^{X) vanish, then the framing of F can 
be chosen in a canonical way. Note that 

SFH{Y,\N{L,),P, X S^) 9iHFF{Y,L)(g)V'^\ 

where y = Z^, and di depends on the distribution of the marked points on Li. 
Hence, the cobordism map Pw maps between certain link Floer homology groups. 

Finally, we extend the notion of Weinstein cobordisms to cobordisms between 
contact manifolds with convex boundary. If W is a Weinstein cobordism from 
(Mo, 7o, Co) to (Mi,7i, Ci), then we can view W as a cobordism W from {—Mi, —71) 
to (-Afo,-7o)- We win prove that Fy^{EH{Mi,-fi,^i)) = Pi/(Mo, 70, fo)- Here 
EH is the contact element in sutured Floer homology introduced in [12] . 
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2. The cobordism category of sutured manifolds 

Sutured manifolds were originally introduced by Gabai in [5]. The following 
definition is slightly less general, in that it excludes toroidal sutures. 

Definition 2.1. A sutured manifold (M, 7) is a compact oriented 3-manifold M 
with boundary, together with a set 7 C dM of pairwise disjoint annuli. Further- 
more, the interior of each component of 7 contains a suture; i.e., a homologically 
nontrivial oriented simple closed curve. We denote the union of the sutures by 5(7). 

Finally, every component of R{'y) = dM \ Int(7) is oriented. Define R+{j) (or 
i?_(7)) to be those components of dM \ Int(7) whose normal vectors point out 
of (into) M. The orientation on R{-y) must be coherent with respect to 5(7); i.e., 
if (5 is a component of dR{"f) and is given the boundary orientation, then S must 
represent the same homology class in Hi (7) as some suture. 

Remark 2.2. In this paper, we are not going to make a distinction between 7 and 
5(7), as it is usually clear from the context which one we mean. 

Definition 2.3. Let (Mo,7o) and (Mi, 71) be sutured manifolds. A cobordism 
from (A/o,7o) to (A'fi,7i) is a triple W = {W, Z,£_), where 

(1) is a compact, oriented 4-manifold with boundary, 

(2) Z is a compact, codimension-0 submanifold with boundary of dW, and 
dW\lnt{Z) = -A/o U A/i, 

(3) ^ is a positive contact structure on Z such that dZ is a convex surface with 
dividing set ji on dMi for i = 0, 1. 

Remark 2.4. We think of as a 4-manifold with corners along dZ. Furthermore, 
we say that —Mq U Afi is the horizontal and Z is the vertical part of the boundary 
dW. 

For orienting the boundary of a manifold, we always use the "outward normal 
first" convention. Note that if S* is a convex surface in a contact manifold with 
dividing set F, then the dividing set of — S* is — F. Hence, the dividing set of 9(— A/q) 
is —70, and the dividing set of dZ is 70 U (—71). 

Lemma 2.5. If the sutured manifolds (A/0,70) and (Afi,7i) are cobordant, then 

xiR+ilo)) - x{R-ho)) = x(^+(7i)) - xiR^iii))- 

Furthermore, the map 7ro(7i) — ;> 7ro(9A/.i) is surjective for i = 0, 1. 

Proof. Recall that {Z, ^) is a contact manifold with convex boundary OMq U ~dMi 
and dividing set 7 = 70 U (—71). Thus 

xiR+il)) - X{R-{1)) = ( e(0, [dZ] ) = 0. 

Moreover, x(^+(7)) = x(^+(7o)) + x(^-(7i)) and x(^-(7)) = x(^-(7o)) + 
x(^+(7i))- 

The second claim follows from the fact that the dividing set on a closed convex 
surface is never empty, see [5J p. 230]. □ 

Definition 2.6. The cobordisms W = {W,Z,^) and W = {W',Z',^') from 
(Afo, 70) to {Ml, 71) are called strongly equivalent if there is an orientation preserv- 
ing diffeomorphism d: W —i' W such that d{Z) = Z' and d*(^) = furthermore, 
d(x) — X for every x e A/q U Mi . Such a map d is called a strong equivalence. 
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If W = {W, Z, £) is a cobordism from (Afo, 70) to (Mi, 71) and W = {W , Z' , 
is a cobordism from {Mq,Jq) to (M{,7(), then W and W' are called weakly equiv- 
alent if there is an orientation preserving diffeomorphism d: W ^ W such that 
d{Z) = Z' , d(7o) = 7o, rf(7i) = 7i, and c?*(^) = Such a map d is called a weafc 

Definition 2.7. Let (M, 7) be a sutured manifold such that the map 7ro(7) — > 
TTo{dM) is surjective. The trivial cobordism from (Af, 7) (Af, 7) is the triple 
W = where 

(1) W ^ M X I, 

(2) Z ^dM X I, 

(3) f is the /-invariant contact structure on Z such that each dM x {t} is a 
convex surface with dividing set 7 x {t} for every i G /. 

Remark 2.8. To be absolutely precise, just as in [IS], one should define a cobordism 
from (A^o, t'o) to (iVi, i^i) as a tuple 

W = ((W^,Z,0,(Mo,7o),(Mi,7i),/^o,/ii), 

where {W, Z, ^), (Afg, 7o); and (Afi, 71) are as in Definition 12.31 and for i = 0, 1 the 
map hi: Mi — )■ Ni is an orientation preserving diffeomorphism such that hi{'-fi) = 
Ui. If we have two such cobordism W and W" from {Nq,vo) to (A^i,i'i), then an 
equivalence between them is a diffeomorphism g:W^ W such that g\Mi ~ 
[h'i)-^ oh^ for i = 0,1. 

If {No.vq) and (iVi,z/i) are disjoint, then we can safely restrict ourselves to 
cobordisms between them where Mi = Ni and hi = Wat. for i = 0,1, in which 
case equivalence becomes our strong equivalence. However, to define the identity 
morphism from (iV, z/) to itself, one does need the above more precise approach. 
To keep the notation simple, we will be sloppy and use our previous not so precise 
terminology, which should not cause much confusion. 

Definition 2.9. Suppose that Wq = (W^o, -Z^o, ■^o) is a cobordism from (Afo,7o) to 
{Ml, 71) and Wi = {Wi, Zi, fi) is a cobordism from (Mi, 71) to (M2, 72). Since dMi 
is a convex surface with dividing set 71 in both (Zq, ^0) and {Zi , ^1), we can glue the 
contact structures ^0 and ^1 together along dMi to obtain a well-defined contact 
structure ^1 U ^2 on Zq Uomi Zi. Then the composition Wi o Wq is the cobordism 
from (Mo, 70) to (M2, 72) given by the triple (Wq UM^ Wi,Zo UoM^ ^1, Co U 6)- 

Definition 2.10. The cobordism category of sutured manifolds, Sut, is given as 
follows. Its objects are sutured manifolds (Af, 7) such that the map 7ro(7) 
TTo{dM) is surjective. The set of morphisms from (Afo,7o) to (Mi, 71) is the set 
of strong equivalence classes of cobordisms from (Mq, 70) to (Mi, 71). Composition 
is given by Definition 12.91 The identity morphism from (M, 7) to itself is the 
equivalence class of the trivial cobordism. 

For a given k € Z, those sutured manifolds that satisfy x(i?+(7)) — x(i?_ (7)) ~ k 
form a full subcategory of Sut called Sut^,. By Lemma [2.51 the sum category of 
{Sutfc : fc € Z} is exactly Sut. 

The following definition was introduced in |13| . 

Definition 2.11. A sutured manifold (A/, 7) is balanced if 

(1) x(i?+(7))=x(i?-(7)), 

(2) the map iToi'j) ~^ TTo{dM) is surjective. 
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(3) M has no closed components. 

Remark 2.12. The objects of Suto are precisely those sutured manifolds that can 
be written as finite disjoint unions of balanced sutured manifolds and closed 3- 
nianifolds. 

It is also worth noting that if {W^ Z, ^) is a cobordism from (Mq, 70) to (Mi, 71), 
then {~W, — Z, ^) is not a cobordism from (— Afi, —71) to (— A/q, —70), since is a 
negative contact structure on —Z. But we can view ^) as a cobordism from 

(-Ml, -71) to (-Mo, -70) by writing dW = -(-Mi)UZU-Mo. Loosely speaking, 
this is turning the cobordism W upside down. 

Definition 2.13. We are going to say that a cobordism from (Afo,7o) to (A/1,71) 
is balanced if both (A'/o,7o) and (Mi, 71) are balanced sutured manifolds. The 
balanced sutured manifolds and strong equivalence classes of balanced cobordisms 
form a full subcategory of Suto that we denote by BSut. 

Sutured Floer homology, defined in [13], assigns a finitely generated Abelian 
group SFH{AI,j) to every balanced sutured manifold (Af, 7). The main goal of 
the present paper is to make SFH into a functor from BSut — > Ab. That is, for 
every balanced cobordism W from (Mo, 70) to (Mi, 71), we are going to define a 
map Fw: SFH{Mq,^q) — > SFH{Mi,ji), well defined only up to an overall sign 
±, such that i^WioWo — ^Wi ° Fwo, and if W is a trivial cobordism, then Fyv — Id. 
This is an instance of a (3 + l)-dimensional TQFT, as defined in |lj. 

3. Relative Spm" structures 
The following definition is analogous to ;7, Definition 3.5]. 

Definition 3.1. Suppose that W — {W,Z,£_) is a cobordism from (Afo,7o) to 
(Afi,7i). Let J(^) denote the space of almost-complex structures on TW\Z such 
that ^ consists of complex lines. Then J($) is contractible; fix an arbitrary Jo £ 
J(^). A relative Spirf structure on W is a homology class of pairs (J, P), where 

• P C W \ Z is a, finite collection of points, 

• J is an almost-complex structure defined over W \ P, 

• J\Z = Jo. 

We say that (J, P) and (J', P') are homologous, if there exists a compact 1-manifold 
C CW\Z such that P, P' C C; furthermore, J|(1^\C) and J'\{W\C) are isotopic 
relative to Z. Denote by Spin'^(yV) the set of relative Spin'^ structures over W. It is 
an affine space over H^(W, Z). 

Remark 3.2. Alternatively, one can think of Spin'^ structures on W as relative 
isotopy classes of almost-complex structures that are defined over the 2-skeleton 
and extend to the 3-skeleton of W. 

Also, note that if we have an element s G Spin'^(W) and i = 0, 1, then s restricts 
to a relative Spin'^ structure s|Mi e Spin'^(Mi, 74). Indeed, the dividing set of ^|9Mi 
is 7i, hence a vector field that gives the positive co-orientation of S,\dMi can be taken 
to be the vq in [13, Notation 4.1]. 

Next, we will explore the dependence of the space Spin'^(yV) on the boundary 
condition; i.e., on the almost complex structure Jo. Analogously to Definition 13.11 
for any almost complex structure Jq on TW\Z, one can define the space of relative 
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Spin'^ structures Spin'^(iy, Z, Jo). The space J(^) is contractible. So if we only con- 
sider Jo and Jq in J(i^), then we can canonicaUy identify the spaces Spin'^(VF, Z, Jo) 
and Spin'^(W, Z, Jq), that is why can talk about Spin'^(>V). However, without fixing 
^, we run into difficulties. We start with a very simple lemma. 

Lemma 3.3. Let V be a ^-dimensional real vector space, together with an endomor- 
phism J such that = —I. Then every 3-dimensional subspace U < V contains a 
unique J -invariant plane. 

Proof. Think of {V, J) as a complex vector space. Since two different complex lines 
span V over M, they cannot both lie in U. Thus U J{U) is the unique J-invariant 
2-plane in U. □ 

On the other hand, for a given oriented 2-plane T < U, the space 

{ J e End(V") : J2 ^ -I, J{T) ^T} 

is contractible. Together with Lemma 13. 3[ this implies that the space of almost- 
complex structures on V is homotopy equivalent to the oriented Grassmanian 

Gr2(K^) = S^. 

Compare this with the fact that 

Here one S*^ factor is given by the oriented 2-planes lying in M.^ , and the other factor 
by the oriented 2-planes containing the coordinate vector 64. Thus 7r2(Gr2(M'')) = 
Z © Z, and the first obstruction to homotoping two oriented 2-plane fields on a 
4-manifold X lies in H'^{X;Z © Z). But tt2{S'^) = Z, so the first obstruction to 
homotoping two almost-complex structures on X lies in H^(X; Z). 

Definition 3.4. Suppose that {W, Z, ^) is a cobordisni of sutured manifolds. Given 
an almost-complex structure Jq on TW\Z, let ^(Jo) denote the Jo-invariant 2-plane 
field inside TZ, given by Lemma [331 Furthermore, let J{Z) be the space of almost- 
complex structures Jq on TW\Z such that £_{jQ)\dZ ~ (,\dZ. 

Proposition 3.5. Suppose that Jq and Jq are almost- complex structures in J{Z) 
such that ^{Jq)z 7^ ^^{Jo)z for every z £ Z. Then there is a homotopically unique 
path of almost- complex structures in J{Z) connecting Jq to Jq, giving a canonical 
isomorphism between Spin'^{W, Z, Jq) and Spin'^(W, Z, Jq). 

Proof. If we fix a trivialization of TZ, then a 2-plane field on Z corresponds to a 
section of the trivial 5^-bundle Z x over Z. Now (Z x S^) \ (— ^( Jo)) is a bundle 
with contractible fibres, and ^( Jq) is a section of it. The space of such sections is 
contractible, hence the result follows. □ 

Definition 3.6. Given a cobordism (W, Z, ^), let J(^)' be the set of those Jq G J{Z) 
such that ^{Jq)z 7^ —^z for every z e Z. 

Proposition 13.51 implies that for every Jq e J(C)' '^^ can canonically identify 
Spin'=(W) with any Spin'=(W^, Z, J^). 

Remark 3.7. If Jq and Jq are arbitrary elements of J{Z), then there is no homotopi- 
cally unique path connecting them. Indeed, after fixing a trivialization of TZ, we 
can identify J{Z) with the space of maps from Z to S"^ that are fixed over dZ. The 
homotopy class of such a map / : Z -> 5^ over the 2-skeleton of Z is described by 
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an element of H^{Z, dZ). Using the Pontrjagin-Thom construction, the ckial of this 
element is given by the homology class of a link f~^{p), where p is a rcigular value 
of /. Moreover, the whole homotopy class is given by the framed cobordism class 
of f~^{p) with framing f~^{q), where g is a regular value close to p. Given maps /o 
and /i from Z to S'^ , and common regular vahics p and q of both, a homotopy be- 
tween them is given by a framed cobordism (F. u) G Z x I between {.fQ^{p), fQ^iq)) 
and {fi^{p), fi^iq))- Given two such cobordisms (F, v) and {F' , v'), the two-chain 
Trz{F — F') represents an element of H2{Z), where wz - Z x I ^ Z is the projec- 
tion. Hence one can associate to two paths connecting /o and /i a difference in 
H2{Z) = H^{Z, dZ), which has to vanish if the two paths are relatively homotopic. 
But there is no canonical relative homotopy class of paths connecting /o and /i in 
general. Compare this with the long exact sequence of the triple {W, Z, dZ) : 

H^{Z,dZ) H'^{W,Z) ^ H^{W,dZ) H'^{Z,dZ). 

4. Link cobordisms 

Definition 4.1. For i = 0, 1, let Yi be a connected, oriented 3-manifold, and let Li 
be a non-empty oriented link in Yi. Then a link cobordism from {Yq, Lq) to (Fi, Li) 

is a pair (X, F), where 

(1) X is a connected, oriented cobordism from Yq to Fi, 

(2) F is a properly embedded, compact, oriented surface in X, 

(3) F is an oriented cobordism from Lq to Li. 

If the normal bundle NF is trivial and f is a trivialization of NF, then we call 
V a framing of F. 

Definition 4.2. Let {X,F) be a link cobordism from (Fo,-^o) to (Fi,Li). Then a 
Seifert cobordism bounded by F is a compact oriented 3-manifold with corners V 
embedded in X, whose codimension-1 faces are F and the Seifert surfaces V flYi 
of Li for i = 0,1. 

Lemma 4.3. Let (X.F) be a link cobordism,, and suppose that Hi{X, dX) = for 
i = 2,3. Then F bounds a Seifert cobordism. Moreover, ifV and V are both Seifert 
cobordisms bounded by F, then they define the same trivialization uq of NF. We call 
uq the Seifert framing of F. 

Proof Since H2{X,dX) = 0, wc have [F,dF] = 0. A standard argument using 
the fact that K{Z, 1) = S^ gives that F bounds a Seifert cobordism V. If V is 
another Seifert cobordism, then V — V represents a 3-cycle in C3{X,dX). But 
Hs{X, dX) = 0, hence [V — V] = 0. Identify a small tubular neighborhood of F 
with FxD^, and let Vo = Vn{FxS^) and = V'n{FxS^). Since [V - V] = 0, 
we see that [Vq — VJ^'] = in 

H2{F X S\dF X S^) ^ H\F x S^) ^ H°{F) © H\F). 

Let s and s' be the sections of the projection p: F x F corresponding to 

Vq and Vq, respectively. The obstruction to homotoping s to s' is an element 
o e H^(F). By the Kiinneth formula, the mapp* : H^{F) — !> H^{FxS^) is injcctive. 
Since p*{o) = PD[Vo — Vq\ = 0, the obstruction o vanishes, and s and s' are 
homotopic. □ 
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Remark 4.4. If {X, F) is as in Lemma l473l then the framings of NF can be param- 
eterized by elements of H^{F), where corresponds to the Seifert framing i/q. Note 
that if X is of the form Fx/, where F is a homology 3-sphere, then the conditions 
H2{X,dX) = and H^iX^dX) = are satisfied. 

We would like to associate to a link cobordism {X, F) a balanced cobordism 
(VF, Z, ^). However, to define the contact structure ^, we need more structure, 
namely a set of dividing curves on F. For this, let us recall 11, Definition 4.1]. 

Definition 4.5. A surface with divides {S,a, R+{a), R-{a)) is a compact oriented 
surface S, possibly with boundary, together with a properly embedded, oriented 1- 
manifold a, and a decomposition into two compact subsurfaces S = R+ (a) U R- (a) 
such that (cr) n i?_ (a) = a. The orientation on i?+ (a) is the orientation induced 
from S, while R-{a) has the opposite orientation, and cr is oriented as dR+{a). 

Definition 4.6. A decorated link is a triple (F, L,P), where L is a non-empty 
oriented link in the connected oriented 3-manifold Y, and P C i is a finite set of 
oriented points. We also require that for every component io of L the number 
LoHPI is positive and even. We have a decomposition into compact one- manifolds 
L = P+(P)UP_ (P) such that P+(P)nP_ (P) = P, and if we orient the components 
of i?+ (P) and R- (P) such that they point from the negative points to the positive 
points of P, then the orientation of P+(P) agrees with the orientation of L. 

We can canonically assign a balanced sutured manifold W{Y,L,P) = (M, 7) to 
every decorated link (y,L, P), as follows. Identify dN{L) with L x such that 
for every x G L the curve {x} x S'^ is a meridian of L. Let M — Y \ N{L), and 
7 C dN{L) = L X is P X with the product orientation. Finally, ^±(7) = 
P±(P) X 51. 

Definition 4.7. We say that the triple X ~ {X, F, cr) is a decorated link cobordism 
from iYo,Lo,Po) to {Yi,Li,Pi) if 

• {X,F) is a link cobordism from {Yq,Lo) to (Yi,Li), 

• (P, cr) is a surface with divides such that da = — Pq U Pi, 

• R+{a) nL, = R+{Pi) and P_(cr) n P, = P-(Pj) for i = 0, 1, 

• if Pq is a closed component of P, then cr n Pq 7^ 0. 

Two decorated link cobordisms X — {X,F,a) and X' — {X' , F' , a') from the 
decorated link (Yq, Lq, Pq) to (Yi, Li, Pi) are said to be strongly equivalent if there 
is an orientation preserving diffeomorphism d: X ^ X' such that d{F) = F' and 
d{a) ~ a' in the oriented sense; moreover, d{y) = y for every y G Yq UYi. 

li X ^ {X,F,(t) is a cobordism from (Yq, Lq, Pq) to (yi,Li,Pi) and X' ~ 
{X',F',a') is a cobordism from {Y^,L'q,P^) to (Y]',Pi,P{), then we say that X 
and X' are weakly equivalent if there exists an orientation preserving diffeomor- 
phism d: X ^ X' such that d{F) — F' and d{a) — a' in the oriented sense. 

Decorated links and strong equivalence classes of decorated link cobordisms form 
a category DLink with the obvious composition and identity morphisms. 

Suppose that (X, P, ct) is a decorated link cobordism. By [HI Theorem 2.11] and 
[H Section 4], there is an S'^-invariant horizontal contact structure ^g- on P x 
such that 

(1) dF X is convex with dividing set isotopic to P x S^, 

(2) for every t G the surface P x {t} is convex with dividing set cr x {t}. 
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Furthermore, if F has no or components, this correspondence is bijective be- 
tween the isotopy classes of those a's that have no homotopically trivial components, 
and the isotopy classes of universally tight contact structures on (F x 5^, P x 5^). 

Definition 4.8. Let {X,F,a) be a decorated link cobordism from {Yq, Lq, Pq) to 
(Fi , Li , Pi ) , together with a framing i/ of F. Using i/, identify a regular neighborhood 
of F with FxD^. Then we define the cobordism W = W(X, F, a, v) to be the triple 
{W, Z, i), where = X \ (P x B^) and Z = F x S"!, finally ^ = C<t- Note that W 
is a cobordism from W(Fo, ^o, -Po) to W(Yi, ii, Pi). 

If Hi{X,dX) = for i = 2,3, then we let W(X,P,o-) = W(X, F,a,i^o), where 
i^Q is the Seifert framing of F. 

Of course, Hi{X, dX) = for i = 2, 3 if and only if W{X) = for i = 1, 2. 

Proposition 4.9. Let Xq: {Yq.Lq) (yi,Li) and X^: {Y\,Lx) (1^2,-^-2) he 
decorated link cobordisms. Suppose that H^{Yi) — 0, and assume H^\Xj) = for 
i = 1, 2 and j = 0, 1. Then H'{Xo Uy^ Xi) = for i = 1, 2. 

Proof. From the Mayer- Vietoris sequence 

H^Yi) ^ H^iXa Uy, Xi) ^ i?2(Xo) ® //'(Xi) 

we conclude that H^{Xo Uyi Xi) =0. The following segment is also exact: 

i7°(yi) ^ i/i(Xo uy, Xi) ^ ffi(Xo) e i?i(Xi). 

Since Yi is connected, we see that H^{Xo Uy^ Xi) =0. □ 

Definition 4.10. The subcategory DLinko of DLink is defined as follows. Its 
objects are decorated links {Y,L,P) such that H^{Y) — 0; i.e., F is a rational 
homology 3-sphere. The morphisms are strong equivalence classes of decorated 
link cobordisms X = {X, F, a) that satisfy H^{X) — for i — 1,2. By Proposition 
14.91 the composition of such morphisms is well defined. 

The following proposition is straightforward to verify using the definitions. Re- 
call that for an object (F, L, P) of DLinko, the sutured manifold 'W{Y,L,P) was 
introduced in Definition 14.61 and for a morphism X in DLinkp, the cobordism 
yV{X) was defined in Definition 14.81 

Proposition 4.11. The map W is a functor from DLinko to BSut. Further- 
more, if X and X' are strongly /weakly equivalent, then W(A') and W{X') are also 
strongly /weakly equivalent. 

Hence, the composition SFH o W gives a functor from DLinko to Ab, well 
defined up to sign. If (Y, L, P) is an object of DLink, and the components of L are 
Li,. . . ,Lk, set 

k 

d = d(y,i,p) = ^(|L,n PI/2-1). 

i=l 

Then 

SFH{WiY, L, P)) = TtFL{Y, L) ® T/®^ 
where V = HF{S^ x S^) = I?. 
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5. Special cobordisms 

Here, we extend the hat version of the cobordism map introduced in ^19j to the 
class of sutured manifold cobordisms that are trivial along the boundary. 

Definition 5.1. We say that a cobordism W — {W, Z, ^) from {Mq, jq) to (Afi, 71) 
is special if 

(1) W is balanced, 

(2) dMo = dMi, and Z ~ dMa x I is the trivial cobordism between them, 

(3) ^ is the /-invariant contact structure on Z such that each OMq x {t} is a 
convex surface with dividing set 70 x {t} for every t ^ I. 

In particular, it follows from (3) that 70 =71. 

Definition 5.2. Special cobordisms W = {W,Z,^) and W = {W',Z,^) from 
(Afo,7o) to (Ml, 71) are called strongly equivalent if there is an orientation preserv- 
ing diffeomorphism d: W ^ W such that d{x) — x for every x S dW^ and such a 
d is called a strong equivalence. 

If W is a special cobordism from (Mq, 70) to (Afi, 71), and W is a special cobor- 
dism from (Mg, 7q) to (M{, 7J), then W and W' are called weakly equivalent if there 
is an orientation preserving diffeomorphism d: W W such that d{jo) — 7g, and 
for every {p, t) e Z = OMq x I we have d{p, t) ^ {d{p),t) e Z' = dM^ x I. Such a 
d is called a weak equivalence. 

Remark 5.3. Balanced sutured manifolds and strong equivalence classes of special 
cobordisms form a category BSut'. 

Now, we make SFH into a functor from BSut' to Ab; i.e., we define the map 
<I>w if W is a special cobordism. For this, we generalize [19]. Some of the necessary 
steps have already been done by Grigsby and Wehrli in [7], we review and extend 
their results first. In particular, we include the contact structure ^ on Z into the 
theory. 

Definition 5.4. A balanced sutured multi-diagram is a tuple (S, t]'^ , . . . , r;"), where 
E is a compact, oriented, open surface, and there is a non-negative integer d such 
that for every < i < n the set 77' consists of d pairwise disjoint simple closed 
curves ryj, . . . , r/^ C Int(E) that are linearly independent in Hi(Ti). 

Remark 5.5. By a slight abuse of notation, we will also write 77' for the 1-dimcnsional 
submanifold IJ 77* of Int(E). 

Suppose that we are given a balanced sutured multi-diagram (E, 77*^, . . . , 77"). 
Then we associate to it a balanced cobordism 

W^o,. ..,!)" = (W^r;«,...,»)":^r;«,...,i)":C»)0,...,,,")- 

For < i < n, let Ui be the compression body obtained from E x / by attaching 
2-handles along 77' x {0} C E x {0}. Then 

dU^ = E^ U {dT. X /) UE^,, 

where E^ = E x {1} and E,ji is obtained from E x {0} by performing surgery along 
each component of 77* x {0}. 
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Figure 1. The 2-plane field ^(J,^) on Z. 



Let Pn+i denote a topological (n + l)-gon, with vertices Vi for i G Z„+i, labeled 
in a clockwise fashion. Denote the edge connecting vi to Wi+i by e.^. Then let 



where we round the corners along each \vi\ x S for i G Z„_|_i. 

Denote by {Mij,'^.ij) the balanced sutured manifold defined by the diagram 
{Y.,q\r]^). Then M' = Mo,i U • • • U M„_i,„ U -Mo,„ C and we will write 
Z^o^...^^„ for dW\liit{M'). ' 

Finally, we define the contact structure ^ = ■fr;",....,," on the balanced sutured 
manifold {Z, 7) = (Z^o_ .^n, 70,1 U • • ■ U 7„_i,„ U 7n,o) by giving a sutured manifold 
hierarchy of (Z, 7)- A sutured manifold hierarchy is a special case of a convex 
hierarchy by hence it gives rise to a contact structure ^. The space of contact 
structures compatible with a given convex hierarchy is contractible, which enables 
us to talk about canonically defined relative Spin° structures in Spin^(VF, Z,£_). 

Note that Z consists of three parts, Ziq = P„+i x9E and Zn = [J^^Q{eiXdT,xI), 
finally Z2 = Ur=o(^i ^ 5]^;), see Figure [TJ We put Zi = Zio U Zu; then 



Here, we get P2n+2 by gluing the rectangle x / to P„+i by identifying e.^ x {1} 
with Bi for each i G Z„_|_i, then rounding the corners at vq, . . . ,v„. We will still 
label the edges Ci x {0} of P2n+2 by e^, and the edge containing Vi will be called 
gi. Observe that ji.i+i = gi+i x (9E. 

Let Si be a 1-manifold parallel to 9S^i inside Int(I]^i), and let Ai = SiX I. Then 
A = AqU - ■ - UAn is a decomposing surface, a union of product annuli, inside (Z, 7). 
Consider the sutured manifold decomposition (Z, 7) (Z',7'). Then (Z',7') is 



,...,11' 



(e, X S) - {e^ X SI) 
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a union of the product sutured manifolds (S,,; x I,dT,,ji x /) for i G Z„+i, and 
X components with {2n + 2) longitudinal sutures on each. Every product 
piece has a canonical product disk decomposable contact structure. We further 
decompose each x along {pt} x to get a with a unique suture. Our 
sequence of decompositions terminates in a product sutured manifold, hence gives 
the contact structure ^. 

Proposition 5.6. Take W^o = {W,Z,^). Let ^' = ■f^o_..._^„ be the 2-plane 
field inside TW\Z such that on Ziq it is tangent to T,, on Zi it is tangent to S^;, 
and on Z\\ it interpolates between the two. Choose an arbitrary almost- complex 
structure Jg compatible with . Then Jq G J{S,)' , hence we can canonically identify 
Spin^iW^o^^^^^) with Spin''{W,Z,J'a). 

Proof. All we need to check is that the 2-plane field ^{Jq) in TZ never agrees with 
— ^. For an illustration of the following argument, see Figure [TJ Since £,'\Ziq is 
tangent to S, we can choose Jq such that the Jp-invariant 2-plane contained in 
TZiQ is tangent to P„+i. On Z2, the planes £,{Jq) agree with which are tangent 
to S^i. In Zii, for every i e p G e^, and q G 9S, as we go along the arc 

{p} X I X {q} from to 1, the planes ^( Jq) rotate 7r/2 about the arc. 

The contact structure ^ is a perturbation of the horizontal foliation on each 
E^i X /, and behaves just hke ^(Jg) on Zn. On Zio, it is a perturbation of the 
foliation by multi-saddles, so it is close to £,{Jq). In particular, ^ and ^(Jg) are 
never opposite. The second statement follows from Proposition 13.51 □ 

As usual, we denote by T^i the d-torus ?7i x • • • x 77^ inside Sym'^(S). For i G '^n+i, 
let Xj+i G T^i nT^i+i . Then we write 7r2(xo, . . . , x„) for the set of homotopy classes 
of Whitney (n + l)-gons inside Sym'^(E) connecting xg, . . . ,x„. Now we recall [7l 
Proposition 3.7], which relates Whitney (n + l)-gons and Spin'' structures. 

Proposition 5.7. Suppose that (S, 77*^, . . . , 77") is a sutured multi- diagram, and 
W = yVrf ,...,ri" the associated cobordism. Then there is a well-defined map 
s: (xg, • ■ • ,x„) — 7> Spin''{W) such that 

s(^')|Afi,,+i =s(xi) 

for every i G Z„+i. 

Proof. The construction in [7] associates to any Whitney (n -I- l)-gon a 2-plane 
field on W that agrees with ^' = along Z. Let Jg be an almost complex- 

structure on Z compatible with So we get an element 5(5') of Spin''(VF, Z, Jg) 
that satisfies the property s(5')|Mi^i+i = s(xi). But Proposition 15.61 provides a 
canonical isomorphism between Spin''(W, Z, Jq) and Spin'^(W). □ 

Definition 5.8. Let (E, 77", . . . , 77") be a balanced sutured multi-diagram. Let 
Di, . . . ,Di denote the closures of the components of S \ (77° U • ■ • U 77") disjoint from 
d'E. Then the set of domains 

Z?(E,770,...,77") =Z(i?i,...,A). 

For a domain V G D{E,r]^\ . . . ,77"), we write D > if P G Z>o(i:>i, . . . , A )■ As 
usual, if 

(xg, . . . , x„) G (T„. n V) X • • • X (T^,.-i n T,,.), 
then I?(xg, . . . , x„) denotes the set of domains connecting xg, . . . , x„. 
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Finally, an (n + 1) -periodic domain is an element V G D(Y], rf , . . . , rj") such that 
dV is a Z-linear combination of curves in rf , . . . , r;". 

The following proposition implies that any two Whitney (7i + l)-gons in the afRne 
set 7r2(xo, . . . , x„) differ by an {n + l)-periodic domain. 

Proposition 5.9. // 7r2(xQ, . . . , x„) ^0, then 

7r2(xo,...,x„) =ker i?i(j7*) ^ iJi(E) j = -ffalW^o,...,^-). 
Furthermore, 

coker ^0iJi(r,^) ^ ^ Hi(VF^o,...,^„). 

Proof. This appeared as Proposition 3.3 and 3.4 in [7]. □ 

The correspondence in Proposition 15.91 can be made explicit by associating to 
each periodic domain V an element H{V) of i?2(W^j70,....77'>) as follows. Pick a 
point X £ Pn+i, and connect x to every by a straight arc a^. For each 77^, let 
Ej C W,,o ,^,1 denote the union of the annulus Ui x rjj C P x S, the annulus 
(fli n Ci) X 77* X /, and the core disk of the 2-handle attached to (a^ fl e^) x ijj x {0}. 
Suppose that dV — J2i j ^IVj- Then 

H{V) = {x}xV + Y^ 4E] e H2[W^o_^^). 

The following is a corrected version of W; Proposition 3.9]. 

Proposition 5.10. Let e 7r2(xo, . . . ,x„). Then = s(^'') if and only if 

^ — can be written as a Z-linear combination of doubly-periodic domains. 

Definition 5.11. A balanced sutured multi-diagram is admissible if every non- 
trivial (n 4- l)-periodic domain has both positive and negative coefficients. 

The following statement is |i7j Lemma 3.12]. 

Lemma 5.12. Every balanced sutured multi-diagram is isotopic to an admissible 
one. 

For the following, see [3 Proposition 3.14]. 
Proposition 5.13. // (E, 77°, . . . , 77") is admissible, then for every 

(xo,...,x„) e (V n V) X ••■ X (T^„-i n V), 

the set { P G D{xq, . . . x„) : V > 0} is finite. 

Let (E, ?7°, . . . , ry") be an admissible sutured multi-diagram, and for every 1 < 
i < n, let Xi e Tjji-i n T,jt and y G T,jO n T^n. Fix a complex structure on E, and 
a 1-parameter variation of the induced almost-complex structure on Sym''(E). As 
usual, we denote by A4{(f)) the moduli-space of pseudo-holomorphic representatives 
of Whitney (n -f l)-gons lying in the homotopy class (j) G 772 (xi, . . . ,x„,y). The 
Maslov index; i.e., the expected dimension, of M{(j)) is denoted by n{(j>). If n = 1 
and ^(0) — 1, then there is a natural R-action on A^(0), we let Ai{(j)) = Ai{(j))/R. 
When n > 1 and ^{<j)) — 0, the moduli space is compact. After choosing an 



14 



ANDRAS JUHASZ 



appropriate orientation system, we can talk about the algebraic count =/^A4{(f)). In 
the case n = 1 and ^(0) — 1, the reduced moduli space M{(j)) will be compact. 
For < i < j < n, we let 

This becomes a chain complexes when endowed with the differential that counts 
points in A4{(j>), where is a homotopy class of Whitney bigons with boundary 
on Tjji and T^j and having = 1. Its homology is the sutured Floer homology 
group 5i^i?(M,j,7,j). 

Definition 5.14. Let (S, r/'^, . . . , rj") be an admissible sutured multi-diagram with 
n > 2, and fix a relative Spin'^ structure s G Spin'^(W^o_ Then we have chain 

maps 

n 

/,c....,,. : (g) ri'-\vl ^ r,", ,7") 

1=1 

and 

n 

/r,o....,^.(-,s) : (g) CF{J:, J7*-\ r?\s|M,_i,,) ^ CF(I], r?", r]",s\Mo,n), 

i=l 

defined by the formulas 
and 

y6T^onT^« {0e7r2(xi,...,x„,y) : Ai(0)=O, s(0)=s } 

We denote by F^a _j^n and ^F^o the maps induced on the homology. 

The finiteness of the above sums is ensured by Proposition 15.131 since if sup- 
ports a pseudo-holomorphic representative, then its domain X'(</') > 0. 

Proposition 5.15. Let (T,,ri'^ , . . . ,ri") be an admissible multi-diagram, and set 
W — W^o jjTi. Then there are only finitely many 5 G Spin'^lW) for which the map 
/r;0,...,?)" (■) s) *s non-zero, and 

/r)0,...,r," = 'Y /)?o,....r,"(-,s)- 

An analogous statement holds for -F',jO....,,ji and i^^o (•, s). 

Proof. Each T^ji nT,,p is finite, so there are only finitely many choices for xi, . . . , x„ 
and y, and for each choice there are only finitely many 4> G 7r2(xi, . . . , x„, y) such 
that A4{(f>) ^ by Proposition 15.131 Finally, such a (j) can only appear in the 
formula defining /^o^ jjn(-,s((/))). The result follows. □ 
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5.1. Naturality of sutured Floer homology. First, we generalize the associa- 
tivity theorem of the triangle maps [iTl Theorem 8.16] to the sutured setting. 

Fix a sutured quadruple diagram (S, 77°, . . . , ij^), and let W^o ,,3 be the corre- 
sponding cobordism. Then we have a restriction map 

Spin^(Wj,o^^^^ ,j3) — > Spin'^(>V^o ,j2) x Spin^(Wj,o ,^2 ,^3), 

which corresponds to splitting the cobordism W^o^ ,^3 along an embedded copy of 
Mq2. There is a subgroup 

whose orbits on Spin'^(W^o ,^3) are the fibers of the restriction map, where 5 is the 
coboundary map in the corresponding relative Mayer- Vietoris sequence. Similarly, 
we have a restriction map 

Spin''(yV^o ,j3) — ^ Spin'^(W^o ,ji ,j3) x Spin'^(yV,ji ,,2 ,^3), 

which corresponds to splitting along Afi3, and a subgroup 

6H\A'h3,dM,3) < ,^3,Z^o,...,^3). 

Theorem 5.16. Let (E, rj*^, 77^, r]^, rj^) be an admissible sutured quadruple diagram, 
and fix a 6H^ {M02, dMo2) + SH^ {M13, dMis) orbit & in S'pm'=(W^o_..._^3). For any 
5 € & and i £ {0,1,2} the restriction Sij+i — s|Afi.i+i is independent of the 
choice of s; pick an element Xi^i+i € SFH(Mi_i+i,^i^i+i,5i^i+i). Furthermore, for 
< « < i < A; < 4, let Fijk = F^i ,jj^^k and Sijk — s|>V^i^^j Then 

i^023(-Fbi2(a;oi ® a;i2,Soi2) ® 2:23,5023) = 

= ^-Fbi3(xoi fX) i^l23(a;i2 'X)X23,Sl23),S013)- 

see 

Proof. Every subdiagram of an admissible sutured multi-diagram is also admissible. 
Hence the proof of [17, Theorem 8.16] works in this setting too, since the admissibil- 
ity of (S, 77°, . . . , T]^) ensures the finiteness of all the counts of pseudo-holomorphic 
bigons, triangles, and rectangles that appear in the formula for the chain homotopy 
connecting the two sides. □ 

In a similar manner, one can prove an associativity result without fixing an orbit 
S of Spin^ structures on VV,,o^ ,^3. 

Theorem 5.17. Let (E, rj", r/^, rf' , rf) be an admissible sutured quadruple diagram, 
and for every i G {0,1,2} pick an element Xi^i+i G SFH{Mi^i^i,ji,i^i). Then 

-Fb23(-Foi2(a;oi (S) X12) (E) X23) = -Foi3(a;oi 8)Fi23(xi2 'X>X23)). 

Now we state a naturality theorem for sutured Floer homology, which shows that 
different choices of sutured diagrams for the same balanced sutured manifold give 
rise to canonically isomorphic Floer homology groups. 

Theorem 5.18. Let (M, 7) be a balanced sutured manifold, and let (S, a,/3) and 
{Yi',a.',(3) be admissible sutured diagrams defining it. Furthermore, fix a Spin'^ 
structures G Spin'^{M,^). Then there is an isomorphism 

-^.y. SFH{a,(3,s) SFH{a' , (3' ,s), 

uniquely determined up to an overall factor of ±1. 
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Proof. This follows in a way completely analogous to the proof of Theorem 
2.1], since the associativity of the triangle maps holds by Theorem 15. 161 □ 

Remark 5.19. According to [9, Theorem 7.7], the ±1 factor cannot be eliminated if 
we are dealing with sutured Floer homology. In other words, there is a sequence of 
stabilization, destabilization, handleslide, and isotopy maps that begins and ends 
at the same configuration, but their composition is —1. The corresponding question 
for Heegaard-Floer homology is still open. 

Corollary 5.20. If (j>: (M, 7) (M',7') is a diffeomorphism of balanced sutured 
manifolds and S G Spin^^M,^), then there is an induced isomorphism 

0,: SFH{M,-f,s) ^ SFH{M',i,dp,{5)), 

well defined up to sign. Furthermore, ifip: (M',7') — )■ (M",7") is another diffeo- 
morphism, then {tl) o (j))^ = {i/j)^ o ((/)),. 

Proof. Let (E, a, (3) and (S', a' , (3') be admissible sutured diagrams defining (M, 7) 
and (Af',7'), respectively. Since d(f>{'E,) — 0(7) — 7', both (0(1]), 0(q:), (/)(/3)) and 
{Y,' , a' , (3') define (Af',7'). So Theorem 15. 181 gives an isomorphism 

5FiJ(0(a),0(/3),0,(s)) ^ SFH{a' , (3' , M^))- 

Furthermore, there is an obvious isomorphism 

SFH{a,f3,s) ^ SFH{4>{a),(l){f3),(t>^{s)). 

□ 

5.2. The map associated to a framed link. Here, we generalize Section 4 of |19). 
Some of the following notions already appeared in Section 4 of [7] for framed links 
in product sutured manifolds, in the context of a link surgery spectral sequence. 

Definition 5.21. A framed link L in a sutured manifold (M, 7) is a collection of n 
pairwise disjoint, smoothly embedded circles Ki, . . . , Kn C Int(M), together with 
a choice of homology classes £i £ Hi{dN{Ki)), with nii ■ £i — 1, where is the 
meridian of Ki. 

By attaching two-handles along the framed link L, we naturally obtain a special 
cobordism W^(L) from (A/, 7) to a sutured manifold (Af(L),7). Note that Af(L) is 
obtained by surgery along L, and 7 is left unchanged. 

For every framed link L in (Af, 7) and Spin*^ structure s G Spin^(VF(L)), we are 
going to define maps 

Fi^: SFH{M,-f) -> 5FiJ(A//(L), 7) 

and 

Jl,,: SFH{M,-f,s\M) 5Fi7(M(L), 7,s|Af(L)). 

Definition 5.22. A bouquet B{h) for the link L is a 1-complex embedded in M 
which is the union of L with a collection of arcs ai, . . . ,a„, such that for every 
1 < i < n the arc a.; connects Ki and i?+(7). We denote the punctured torus 
dN{K,)\N{a,) hyF,. 

Definition 5.23. A sutured triple diagram subordinate to the bouquet i?(L) is a 
triple diagram 

(S, a, (3, S) = (E, {ai, . . . , ad}, {/3i, ■ • ■ , f3d}, {61,..., 6d}), 

such that 
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Figure 2. A proper stabilization of a triple diagram is obtained 
by taking the connected sum with the above diagram at the point 
marked by x. 



(1) the diagram (E, {ai, . . . , ad}, {/3„+i, . . . , /3d}) defines the sutured manifold 
(M',7') = (M\7V(i?(L)),7), 

(2) the curves (5„+i, . . . ,Sd are small isotopic translates of the /3„+i, . . . , 13d, 

(3) for i = 1, . . . , n, after surgering out Pn+i, ■ ■ ■ , Pd, the induced curves /3i and 
6i on _R_|_(7') lie in the punctured torus Fi, 

(4) for i = 1, ... ,71, the curve Pi represents a meridian of Ki that is disjoint 
from all the Sj for i ^ j, and meets Si in a single transverse intersection 
point, 

(5) for i = 1, . . . , n, the homology class of 6i corresponds to the framing £i. 

Definition 5.24. By a stabilization of a triple diagram (S, a, f3, 5) subordinate to 
some bouquet, we mean the following. Take the connected sum of (E, a, (3, 5) with 
a diagram (£^, a^+i, /?d+i, <5d+i), where is a genus one surface, \ad+i 0/3^+1 1 — 1, 
and 5d+i is a small isotopic translate of I3d+i such that |/3d+i n^d+ij = 2, see Figure 
[2] Furthermore, we say that a stabilization is proper if the connected sum tube joins 
a component of E \ (a U /3 U 5) that intersects 9E nontrivially with the component 
oi E \ (a^+i U Pd+i U 6d+i) disjoint from the isotopy connecting Pd+i and 5d+i- 

The following lemma generalizes [T9l Lemma 4.5]. 

Lemma 5.25. Let (M, 7) 6e a balanced sutured manifold, together with a framed 
link L C M and associated bouquet i?(L). Then there is a sutured triple diagram 
subordinate to B(L,), and any two such triple diagrams can be connected by a se- 
quence of the following moves: 

(1) isotopies and handleslides amongst {ai, . . . , a^}, 

(2) isotopies and handleslides amongst . . . ,/3d}, while carrying along the 
curves (5„+i, . . . ,5d, as well, 

(3) proper stabilizations, 

(4) for 1 < i < n, an isotopy of f3i, or a handleslide of f3i across a /3j with 
n + l<j<d, 

(5) for 1 < i < n, an isotopy of Si, or a handleslide of 6i across a dj with 
n + l<j<d. 

Proof. By ^13. Proposition 2.13], there exists a sutured diagram 



(E, {«!,... ad}, {/3n+i, ■ • ■ , M) 
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defining (M',7') — [M \ A^(_B(L)), 7). The curves Sn+i, - ■ ■ ,5d are chosen to be 
small translates of /3n+i, . . . respectively. The proof of [131 Proposition 2.15] 
does not use the assumption that the number of a and /3 curves agree, hence any 
two sutured diagrams defining (A/', 7') can be connected by moves (1),(2), and 
stabilizations. To see that proper stabilizations suffice, note that we can obtain an 
arbitrary stabilization by performing a proper stabilization, followed by a sequence 
of handleslides. This is possible since every component of I]\q; and S\/3 intersects 
dY, nontrivially. 

Since E surgered along /3„+i, . . . , /S^ is canonically diffeomorphic to R^{'^')^ parts 
(3)- (5) of Definition 15.231 prescribe how to choose . . . , /3„ and (5i, . . . , (5„. For 
1 < i < n, the link specifies the homology classes of (3i and 5i in Fi. Different 
choices (3i and I3[ can be connected by an isotopy in Fi . It follows that in S they can 
be connected by a sequence of isotopies and handleslides across the {/3„+i, ...,/?£(}. 
The same argument works for (5i, . . . , (5„. These give rise to moves (4) and (5). □ 

The following proposition is a generalization of [19, Proposition 4.3]. 

Proposition 5.26. Let ("E, a, f3, S) be a triple diagram subordinate to the bouquet 
B{V) m (Af,7). 

(1) Wa,p.S is a cobordism from (M, 7) to the disjoint union o/(M(L),7) and 

{Mp,S,lp.8) = {R+ X I,dR+ X /)# (#'^-"(^2 ^ ^1)) ^ 

where R+ = i?+(7). 

(2) Let W0 be the cobordism from x /, dR+ x /) to 0, corresponding to the 
sutured mono diagram 0). Take the boundary connected sum ofWti, '^'"^d 
^d-nj-£)3 ^ ^i-j aigjig Jnt{R+ X /); we get a cobordism W^j^ from {Mj3^s,li3,s) 
to 0. // we glue Wa,^,i5 Cind along [M^^s^^^^s), then we obtain WilS). 

Proof. Of course, (S, ct, (3) defines (M, 7). By Definition l5.23[ the diagram (S, a, 5) 
defines (A/(L),7), since we glue 2-handles to the complement (M',7') of the bou- 
quet B{h) along curves specified by the framing of L. Finally, let be E surgered 
along (3. Then the diagram (E,/3, ^) defines 

(E^ X I,dEp X (#'-"(52 X S')) , 

where Pi and 5i give the components for 1 < i < n, and the x components 
for n + \ < i < d. However, E^ = i?_|_(7), which concludes the proof of (1). 

Now we prove (2); i.e., that gluing Wg to Wa^p^s gives Vr(L). Let Wa.13,5 — 
{W,Z,£^) and Wg, = [W ,Z' X')- As usual, P3 denotes a topological triangle, and 
we label its edges 60,6/3, and eg in a clockwise fashion. Furthermore, Ua, Up, and 
Us are the compression bodies corresponding to a,f3, and <5, respectively. Recall 
that W is obtained from P3 x S by gluing 6q x Ua,ep x Up, and es x Us along 
6q X E, 6^ X E, and es x E, respectively. 

Let Pi be a monogon with edge e. Then W' is the boundary connected sum of 

= (Pi X E^) U (6 X (P+ X /)) 

and 

V = (t]"£'*)t] (t]'*-"(P>3 X 5-1)^ ^ 

We can also think of each x summand of y as a one-handle x / attached 
to W0 along x dl. 
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Figure 3. A section of the manifold Z U Z'. 



Suppose that n + 1 < i < d. Let Bi C U/s be the 2-handle attached to E x / along 
Pi X {0}, together with a regular neighborhood of /3i x / C S x /. Similarly, Di C Us 
corresponds to Si. Since Si is a small isotopic translate of I3i, gluing the i-th x / 
summand of V to [ep x Bi) U [es x Di) along 91?'^ x / gives (e^ U es) x 

Now fix some 1 < i < n. Then Pi and Si intersect in one point, forming an 5''^ 
summand of Mp^s- This summand can be written as the union of two solid tori 
Bi and D^, where Bi has meridian Pi and Di has meridian Si. Let Hi be the union 
of the i-th D'^ summand of V and Di x es. Then Hi is a two- handle glued along 
-Bi U {dDi X e^). Since the framing of Bi is given by Si, this shows that Hi is the 
two-handle of T4^(L) corresponding to Ki. The other way around, take T4^(L) and 
glue Af(L) X / on top. Let D'^ x D"^ C W(L) be the two-handle glued to N{Ki) 
along dD'^ x Then 

{Wm U (M(L) X /)) \ {{D^ X D^) U {D^ x aZJ^ x /)) = T4^(L \ ifi). 

If we glue y to T4^ by identifying dV with the #'^-''{3^ x S^) part of Mp^s, then 
we get an i?+ x / in 9(14^ IJV). To this i?4. x I we glue VFg, which does not change 
the cobordism up to diffeomorphism. 

Next, we will check that (ZU Z', ^U^') is contactomorphic to {dM x !,(), where 
C is the /-invariant contact structure such that every dM x {t} is a convex surface 
with dividing set 7. This will conclude the proof of Wa,p,s U = VF(L). 

Recall that Z = ZiU Z2, where Zi = Pq x 9S and 

Z2 = (ca X Ea) U {ep X T.p) U (e^ x S^), 

see Figure [31 The contact structure ^ is given by a hierarchy that starts with 
decomposing along a set of product annuli A C Z2 parallel to (e^ x SE^) U {ep x 
9E^) U (e^ X dY^s), then along surfaces Pg x {q}, for one q in each component of Zi. 

Similarly, Z' = Z[\J Z'^, where Z[ = P2 x dR+ ^ P2 x dT. and Z'2 = e x R+. 
Furthermore, ^' is defined by decomposing the sutured manifold along 
product annuli A' parallel to e x after which we get a union of tori with 

two longitudinal sutures on each, and Zj, a product sutured manifold. Hence Z' 
is the manifold i?+ x / with ^' being the canonical /-invariant contact structure. 
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In particular, {Z',jp^s) is diffeomorphic to the product sutured manifold x 
I,dR+xI). 

Let ga be the edge of Pg lying between ep and es, and let ga = v~ and 
65 n 5q = 11+ Both and are naturally identified with and Z' is glued to 
Z along 

({«-} X E^) U {{vt) X E5) U (.g„ X 9S) 
using this identification. More precisely, R-{Z' ,jp^s) — R+ x {0} is glued to 
{v~} X E^ and R+{Z', j/sj) = R+ x {1} is glued to {v^} x E^, whereas 7^,5 is glued 
to ga X 9S. It follows that ZUZ' is diffeomorphic to (Eq U7a,^ UE^) x / = dM x /. 

The dividing set of ^ U ^' on DM x {i} is s(7a,^) x {i} for both i — and « = 1. 
The product annuli A and A' for (^,7) and (Z',7^ ,5) glue up to a set of product 
annuli AU A' inside dM x /. After decomposing dM x / along AU A', we get a 
product sutured manifold diffeomorphic to 

(E„ x /, 9Ea X /) U (7„,^ X /, dja,0 X /) U (E/3 x /, 9E/3 x /). 

The decomposing surfaces Pg x {g} and P2 x {g} glue together to give product disks 
inside (7a, ^ x /, dja,i3 x I)- Hence ^U^' is given by a hierarchy which starts with the 
product annuli AU A' , and continue with decompositions along product disks, and 
is consequently /-invariant. Since the dividing set on dM x {0} is s(7q.^) x {0}, 
we have ^ U ^' = C- 

Alternatively, using the description of ^ in Proposition 15.61 we see that the 2- 
pane field ^ U ^' is a perturbation of a 2-plane field that is tangent to the product 
foliation on E^ x / and E^ x /, and rotates tt as we traverse ja.p x {t} from Eq to 
S^. Hence the dividing set of ^ U ^' on each dM x {t} is close to s{ja,i3) x {t}- O 

Using part (2) of Proposition 15.261 we get a restriction map 

r: Spin^(M^(L)) ^ Spin^(X„,/3,5). 

This will enable us to define maps on SFH induced by cobordisms equipped with 
Spin'^ structures. By the connected sum formula [T31 Proposition 9.15], we have 

SFH {{R+ x /, dR+ x /)# X S-i))) ^ A*H^ x S^)) . 

This is supported in the Spin'^ structure Sq that is characterized by 

(1) So 1(^-1- X I,dR+ x /) is homologous to the 2-plane field tangent to the 
horizontal foliation, 

(2) So|#'*""(5'^ X S^) extends to ^-""{3^ x D^), or equivalently, its first Chern 
class vanishes. 

We introduce the shorthand 

M{R+,d - n) = (P+ X /, dR+ X /)# (#''-"(S'2 x 5"^)) . 

The "top-dimensional" homology group of SFH{M(R+, d — n)) is 

j^d-njjl (^^-"(5-1 X S^)) ^ Z, 

where by dimension we mean the relative Maslov grading. We will denote the 
generator of this group by O, which is well-defined up to sign. 

Lemma 5.27. Lets G Spirf{W{l,)) be an arbitrary Spin'^ structure. Then 

r{s)\M{R+,d- 7j) =So- 
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Proof. To sec that r{s)\M ,d — n) satisfies (1) charaeterizing So, notice that the 
{R+ X I,dR+ X I) component of Af(i?+, d — rt) is parallel to the C dW{h) 

in the proof of Proposition 15.261 which carries the "horizontal" Spin'^ structure. 
Property (2) is satisfied because s is an extension of r(s) to jj'^~"(S'^ x£)'^) c Wg. □ 

Definition 5.28. Let L be a framed link in (Af, 7), and fix an s G Spin'^(iy(L)). 
Then we define maps 

Fl: SFH{M,j) ~> SFH{M{h),j) 

and 

Fl,^: SFH{M,j,s\M) SFHiM{]L),-f,s\M{]L)), 
as follows. Pick a bouquet B(h) for L, and an admissible triple diagram (S, a, (3, S) 
subordinate to this bouquet. As above, Q is the generator of the top-dimensional 
homology of 

SFH{Mf,,s,7fi.5,So) = SFH{M{R+,d^n),So), 
well defined up to sign. Then we let = F(x(X)6) andFL(x,s) — F{x®Q,r{s)), 

which makes sense by Lemma [5.271 

The following theorem ensures that the above definition is independent of the 
choice of bouquet and subordinate triple diagram. 

Theorem 5.29. Let (M, 7) be a balanced sutured manifold equipped with a framed 
link 1^. Suppose that {T,i,oti,f3i,Si) and (E2, 0:2, /32) ^2) are admissible triple di- 
agrams subordinate to bouquets Bi and B2 for L, respectively. Then we have a 
commutative diagram 

pi 

SFH{ai,(3^,5\M) — ^ S'Fi/(ai, <5i,s|M(L)) 



SFH{a2,f32,s\M) — ^ SFH{a2,S2,s\M{]L)), 
where VE*! and 5*2 are isomorphisms induced by equivalences between the sutured 
diagrams (cf. Theorem \5. 18\) . An analogous statement holds for Fi^. 

Proof. We closely follow the proof of ^ISj Theorem 4.4]. As many of the details are 
completely analogous, we only elaborate on the parts where a new idea is necessary. 

First, assume that Bi = B2. Then (Ei, ai,/?^, ^1) and (112, 0:2, /32j ^2) can be 
connected by a sequence of moves (l)-(5) of Lemma [5.251 Just as in [HI Lemma 
4.7], we obtain that the maps Fi^^^ commute with the isomorphisms induced by 
proper stabilizations. The argument is somewhat simpler in our case, since the fact 
that we are stabilizing near 91], and that holoniorphic discs avoid the boundary, 
make neck-stretching unnecessary. From here, the claim in the case Bi = B2 follows 
in a way completely analogous to the proof of [T9', Proposition 4.6]. 

Now we show that -FL.s is independent of the bouquet, in the spirit of [191 Lemma 
4.8]. Suppose that B and B' are a pair of bouquets that differ in the choice of one 
path fli and a[. We construct two triples (S, a, /3, 5) and (S, a, /3', such that /3' 
is obtained from /3 by a sequence of isotopies and handleslides, and 6' is obtained 
from 5 by a sequence of isotopies and handleslides. 

To this end, consider (M",7") = (M \ N{B U S'),7). Note that x{R~{l")) - 
xiR+i'y")) = 2(n -|- 1). By [T31 Proposition 2.13], there exists a sutured diagram 

(E, {ai, . . . , ad}, {/3„+2, . ■ . , M) 
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defining (Af", 7"). Let . . . , /?„ be meridians of the components Ki, . . . , Kn of L, 
respectively. Furthermore, /3n+i is a meridian of ai. Similarly, is a meridian 

of a'l , and we set = /3i if 1 < i < d and « ^ n + 1 . The curves 5i , . . . , (5„ 
correspond to the framing of L, and for i — n + I, . . . ,d the curve Si is a small 
isotopic translate of Pi. Finally, is a small isotopic translate of l^'^^i, and we 
set SI = Si ii 1 < i < d and i n + 1. Then (E, a, /3, 5) is subordinate to i?, while 
(E, a, /3', 5') is subordinate to B' . 

If we surger E along /3i, . . . , /3„, /3„+2, . . . , /3d, then we obtain i?+(7)#r^, with 
two disjoint, embedded, homologically non-trivial curves lying in the com- 
ponent, induced by Pn+i and P'n^i- These curves must then be isotopic in T^, 
thus can be obtained by handlesliding Pn+i over some collection of the 

Pi, . . . ,Pn,Pn+2, ■ ■ ■ , Pd- We Can obtain S'„_f_i from Sn+i in an analogous manner. 
Consequently, (3' is obtained from /3 by a sequence of isotopies and handleslides, 
and <5' is obtained from ^ by a sequence of isotopies and handleslides. 

From here, the result follows as described in the last paragraph of the proof of 
[l9l Lemma 4.8]. So the map is independent of both the bouquet and the 
subordinate triple diagram. □ 

We have the following analogue of [T3i| Proposition 4.9]. 

Proposition 5.30. Let L &e a framed link in (M, 7). Suppose that we are given a 
partition Li U L2 of L. Then we have cobordisms 

WiU): (M,7)^(Af(Li),7), 

and if we view L2 as a link in Af(Li), 

WiU): (A/(Li),7) ^ (Af(L),7). 

Choose a Spin'' structure s G Spin'' (W (h)) , and let Si = s\W(hi) for i — 1,2. Then 
W{h) = VF(L2) o M^(Li), and 

Moreover, = ^La o -Fii ■ 

Proof. The proof is completely analogous to the proof of [HI Proposition 4.9]. 
Note that one can disregard the last paragraph there, as one can always achieve 
admissibility for the associativity theorem (Theorem 15. 161) in our case. □ 

5.3. One- and three-handles. As in [19], let U — [U, Z, ^) be the cobordism from 
(Af, 7) to (Af', 7') obtained by attaching a single one-handle H along Int(Af). This 
is also a special cobordism, with Z = dM x /, and ^ being the /-invariant contact 
structure such that for every t G / the surface dM x {t} is convex with dividing set 
7 X {t}. There are two possibilities for (A/', 7') : 

(1) If the feet oiH lie in the same component (Afo, 70) of {M, 7), then {M' , 7') = 
{M^{S^ X 5^), 7), where the connected sum is taken between Mq and 
51 X S\ 

(2) Otherwise, there are distinct components (Afi,7i) and (A/2,72) of (A/, 7) 
such that (A/', 7') has (Afi, 71) and (Af2, 72) replaced by (A/i, 7i)#(A.f2, 72)- 

In both cases, we have SFH{M',i) = SFH{M,-i)®I? by [13, Proposition 9.15]. 
As the restriction map H^{U,Z) H^{M,dM) is an isomorphism, Spm''{U) = 
Spin'^(A/, 7). In case (1), a Spin'^ structures s' on (A/', 7') extends over U if and 
only if s'KS*^ x S"^) — Sq, where Sq is characterized by ci(so) = 0. In case (2), every 
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Spin*^ structure extends from (Af ', 7') over U. Given a Spin'^ structure s G Spin'^(Z//), 
we also write s for the corresponding element of Spin'^(M, 7) by a slight abuse of 
notation, and let s' = s|(M',7'). Note that in case (1), we have s' = s#So. We 
define the map for one-handle addition as follows. 

Definition 5.31. Let (A, a,/3) be a sutured diagram, where A is an annulus, and 
a and /3 are homologically non-trivial, transverse simple closed curves such that 
a n /3| — 2. Let 6* 6 a n /3 be the intersection point with higher relative grading. 

Suppose that (E, a., (3) is a balanced diagram for (Af, 7). Remove two open disks 
Di and D2 from the interior of two components of S \ (a U /3) that intersect 91] 
non-trivially, as follows. In case (1), we require that Di and D2 lie in the same 
component of Sq \ (a U /3), where Sq is the component of S corresponding to Mq. 
In case (2), for i = 1,2, the disk Di lies in the component E.; of S that corresponds 
to Mi. In both cases, let = E \ (Di U D2), and write E' for the surface obtained 
from E° by gluing A along dDi U 9I?2- Then 

(E', a', j3') = (E" U A, a U {a}, (3 U {^}) 

is a balanced diagram defining (Af',7'). 
For s e Spin^(W), we define the map 

gu,s- CF(E,q:,/3,s) -> CF(E',q:',/3',s') 

by the formula gu^s{x.) — xx {6}. This makes sense since s(x x {0}) = s' . The feet 
of j4 are glued near 9E, hence gu,s is a chain map. The induced map on homology 

Gu,s - SFH{M,-f,s) SFH{M',i,s') 

is the map associated to the one-handle H. Similarly, we define the map 

Gu: SFH{M,j) SFH{M' ,i) 

to be the one induced by gu{^) = x x {6}. 

The following theorem is an analogue of [121 Theorem 4.10]. 

Theorem 5.32. The map Gn^^ depends only on the cobordism U and the Spin'^ 
structures G Spin'^{lA) in the following sense. // (Ei, ai, /3]^) and (E2,Q:2,/32) '^''^ 
equivalent balanced diagrams for (M, 7) , then the corresponding balanced diagrams 
{Yi'i, a'l, l3'i) and (E2,q:2,/32) '^'"^ equivalent, and we have a commutative diagram 

SFH{a.i, 13^,5) — ^ SFH{a[,l3[,5') 

SFHia2,l32,s) SFH{a'2,f3'2,s'), 

where the vertical maps are the isomorphisms induced by the equivalences of the 
sutured diagrams (cf. Theorem \5.18]) . An analogous statement holds for Gu- 

Proof. Since A is glued near 9Ei, and all Heegaard moves avoid 9Ei, the equiva- 
lence from (El, CKi, /3]^) to (E2,q:2,/32) induces an equivalence from {Yi'i,a.'i, jS'i) to 
a diagram (E2 , 0-2, /32 )■ Then (E2 , a2 , /32 ) and (Sj, 0.2,^2) a-'^s both obtained from 
(E2,a2,/32) by gluing {A,a,(i), but along different disks. By a sequence of han- 
dleslides across a and (3, supported in A, we get an equivalence from (E2 , a'-^, f32) to 
(Ej, 0.2, (32). From here, the result follows in a way analogous to the last paragraph 
of the proof of [H Theorem 4.10]. □ 
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Dually, if V is the special cobordism from (A/', 7') to (M, 7) obtained by adding a 
single three-handle along a two-sphere S C M' , then (M', 7') is related with (M, 7) 
as in case (1) if S is non-separating, or as in case (2) if S is separating. In the latter 
case, we require that if we desum (Af, 7') along S, then our sutured manifold stays 
balanced. There is a special kind of compatible balanced diagram induced by the 
embedded sphere. 

Lemma 5.33. Let S C M' be an embedded sphere in the balanced sutured manifold 
(Af',7'). Then there is a balanced diagram (S',q:',/3') for (A/', 7') of the form 

(S',a',/3') = {T.°UA,aU{a},(3U{l3}), 

where (A, a, /3) is as in Definition 15. 31\ Moreover, if we have two such diagrams 
that are equivalent, (E? U A, cci U {a}, (3^ U {/?}) and (E^ U ^, 0:2 U {a}, U {/?}), 
then (El, Q!i, /3]^) and {T,2,ol2i (32) o,fs equivalent balanced diagrams. 

Proof Pick a regular neighborhood N{S) of S, and let SA^CS*) = 5_ U 5*+. Since S 
desums {M' , 7') into a balanced (A^f, 7), one can choose properly embedded arcs c± 
inside A/' \ N{S) that connect a point of S± with 7'. Then D± ^ S± \ N{j±) are 
product disks inside (Af' \ (A^(c+) U N{c-)),j"), where 7" is obtained by closing 
7' \ (iV(c+) U ^(c_)) all the way around A^(7+) and A^(7-). See the proof of {M 
Proposition 9.15]. Of course, (A/' \ {N{c+) U A^(c„)),7") is diffeomorphic with 
(Af',7'). If we decompose along both £)+ and D_, then we get the disjoint union 
of (Af, 7) and the twice punctured sphere S^{2). Let {Y,,a,f3) be an arbitrary 
balanced diagram for (Af, 7), and note that {A, a, (3) defines 5*^(2). Hence we obtain 
a diagram for (Af', 7') of the required form by joining the feet of A to the appropriate 
components of 9E by two strips, as in taking boundary sums. Any two such sutured 
diagrams which arise in this manner are equivalent, through an equivalence that 
leaves a and /3 unchanged. Indeed, if c± end on different components of 7, then 
we can connect the corresponding diagrams by a sequence of handleslides over the 
curves a and /?. 

To prove the second statement, observe that handleslides across a and (3 corre- 
spond to isotopies in the surface obtained by surgering the Heegaard surface along 
a. Hence the sequence of Heegaard moves that leave a and (3 unchanged, descend 
to an equivalence from (Ei,ai,/3i) to (£2,(^2, f3 2)- '-' 

Definition 5.34. Let S C M' be an embedded sphere in the balanced sutured 
manifold (Af',7'), and take a split balanced diagram 

(E', a', 13') = (E" U A, a U {a}, (3 U {^}) 

defining it, as in Lemma [5.331 For s G Spin'^(V), we define 

ev,s: CF{ol' ,13' ,s\M') ^ CF{a,(3,s\M) 

such that for y G a n /3 and x G Tq, fl T^, we have ev,s(x x {y}) — H y — 6, and 
ev,s(x X {y}) — X a y is the intersection point of smaller relative grading. Then 
ev,s is a chain map, since both components of dA lie close to dS'. It induces the 
required map on homology 

Ev^,: SFH{M' ,i ,s\M') SFH{M,j,s\M). 

Similarly, we also have a map 

Ey. SFH{M',i) SFH{M,"f). 
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Theorem 5.35. Let S C M' be an embedded sphere in the balanced sutured mani- 
fold (M',7'), and let 

(S'l, a'l, /3;) = (S? UA,a,U {a},f3, U {/?}) 

and 

(E^, a'2, /3'2) = (S^ U A, 02 U {a}, /32 U {/?}) 
be a pair of equivalent split balanced diagrams. If V is the three-handle cobordism 
corresponding to S and s G Spin'^{V), then the following square commutes: 

SFH{a[,f3[,5') — ^ SFH{ai,f3^,s) 

SFH{a'2,l3'2,s') SFH{a2,l32,s), 

where the vertical maps are the isomorphisms induced by the equivalences. An 
analogous result holds for E\i. 

Proof. This is analogous to [19] Theorem 4.12]. □ 
5.4. The map associated to a special cobordism. 

Definition 5.36. Let W be a special cobordism from (Mo,7o) to (Mi, 71). We 
decompose W as W = Ws o W2 o Wi, where Wi : (Mo,7o) {Mq,-/'^) consist 
of one-handle additions, W2 : (Mq, 7q) — j> {M[,j[) consists of two-handle additions, 
and W3 : {M[,j[) (Afi, 71) consist of three- handle additions. Concretely, W2 can 
be represented as a framed hnk L C M[ = il/i#(#^(S'i x S'^)). Fix an s G Spin'=(>V), 
and let Si = s\Wi for i — 1,2, 3. Then we define 

where £^vy3 ,53 and Gwi ,si are the composites of the maps E and G induced by the 
various one- and three-handles. Similarly, we let 

Fw — Ev\)^ o Fi^o Gwi • 

Theorem 5.37. Let W be a special cobordism from (Afo,7o) to (Mi, 71). Fix a 
Spin'^ structure S G Spin'^{yV), and let ii ~ sjA/^ for i = 0, 1. Then the map 

Fw,.: SFH{Mo,jo,io) ^ 5Fi/(Mi, 71, ti) 

is an invariant of W, uniquely defined up to sign. More precisely, if W from 
(Mo,7o) to {Mi,ji) is a special cobordism and (p: is a weak equivalence, 

then we have the commutative diagram 

SFH{M„,j„, to) 5FiJ(Mi,7i,ti) 

|(0|A/o). |(0|A/i). 

SFH(Mo,%,to) SFH(Mi,^„i,), 

where s — (/)*(s) and ti = s\Mi for i = 0,1. An analogous statement holds for _FVy. 

Proof. We follow the structure of the proof of flW, Theorem 3.1]. 

Lemma 5.38. The maps Gwi.si o,re invariant under the ordering of the one- 
handles, and handleslides among them. 
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Proof. This follows exactly as [HI Lemma 4.13]. □ 

Lemma 5.39. Fix a framed link L in (Af, 7), and let L' be a framed link obtained 
by handleslides amongst the components of L. Then the maps i^L,^ and Fl',., are 
equal. 

Proof. We generalize the proof of [191 Lemma 4.14]. Suppose that K[ is obtained 
from Ki by a handleslide over ^^2, and K[ — Ki for i = 2, . . . , n. To perform this 
handleslide, one needs a path a C Int(M) joining Ki to i^2- After the handleslide, 
there is a natural path a' joining K[ and K2. 

We construct a bouquet B{h) for L as follows. Isotope a fixing da until a n 
i?+(7) = {p}. Then choose the arcs ai and a2 such that they run close to a and 
they both end near p. We pick as, . . . , a„ in an arbitrary way. Let (E, a, /3, ^) be a 
triple diagram subordinate to -B(L). such that /?i is dual to Ki and /32 is dual to 
K2. Let (E, a, /3', be the triple diagram where /Sj is obtained as a handleslide of 
j32 over (3i along cr, and is obtained as a handleslide of 71 over 72 along cr, all the 
other I3[ = /3i and 7,' — 7^. Then (I],a,^',^') is subordinate to a bouquet i3(L') 
for L', constructed using a' . 

We then have the commutative diagram 

SFH{M,-f,s\M) SFH{M{L),j,s\M(L)) 

SFH{M,-f,s\M) ^^'''''') S'Fi7(M(L'),7,s|M(L')). 
Commutativity follows from associativity, and the observation that 

according to the handleslide invariance of the homology groups. □ 

Lemma 5.40. The maps iJyVa.ss invariant under the ordering of the three- 
handles, and handleslides amongst them. 

Proof. We verify independence of the ordering of the handles; i.e., 

EV2A2 ° ^Vi.ti = -Evi,ti o i?V2,t2, 

where Vi and V2 are three-handle cobordisms associated to disjoint spheres Si 
and S2 in (M',7'), respectively. We can find a balanced diagram for (Af',7') that 
contains two disjoint copies of the diagram (A, a, /3), in both copies OA glued near 
d'S. It is clear from the definitions that the two composite maps agree. Handleslide 
invariance follows from this. □ 

Lemma 5.41. Let Wi be the cobordism from (M, 7) to (Af',7') obtained by adding 
a one-handle H to (M, 7). Furthermore, let be the cobordism arising from a 
two-handle attached along any framed knot K in M' that cancels H. Pick Spin'^ 
structures S; on Wi for i — 1,2. Then the induced map 

Fk,.2 ° Gw^,.^ ■■ SFH{M, 7, Si) ^ SFH{M, 7, Si) 



corresponds to the identity map. 
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Figure 4. A triple diagram corresponding to a canceling pair of 
one and two-handles. 

Proof. Since H is canceled by a two-handle, both of its feet have to lie in the same 
component of (M, 7), hence {M',j') = {M,^)^{S^ x S"^). Then one can construct 
a triple diagram of the form 

(I]',a',/3', J') = (S"#A,aU{a},;3U{/3},<5U{J}), 

where 

• (I],q:,/3) is a balanced diagram defining (M, 7), 

• there is a component c of 9S, and disks Di and D2 lying in the component 
of S \ (a U ^) containing c, such that 1]° = S \ (Di U i:>2), 

• A is an annulus attached to Yf' along dDi U 9Z?2 7 

• the curve a is a homologically non-trivial simple closed curve in A, and /3 
is a small Hamiltonian translate of a, 

• 5 is a small Hamiltonian translate of /3, and <5 intersects both a and /3 
trans versally in a single point, 

• the triple diagram (S', a', /3', 5') is subordinate to some bouquet for K, in 
such a way that /3 is a meridian of K, and 5 represents the framing of K. 

For an illustration, see Figure SI Since Di and D2 lie in the same component of 
S \ (a U /3) as c, there is an arc a that connects a point p of 5 with c, and whose 
interior lies in TP \ {a' U /3' U S'). Indeed, connect dDi to c with an arc a' inside 
E \ (a U /3) that intersects 6 transversally, and take a to be the closure of the last 
component of a' \ 6. Since a n /3 = and <5 is a small Hamiltonian translate of /3, 
we can also achieve that a n ^ = 0. 

We can also assume that 6 0/3 — 0, since ^ is a small Hamiltonian translate 
of /3. Next, we achieve that S D a — ^. Just push the curves in ot that intersect 5 
simultaneously using a finger move along the arcs 5\{AVJp) towards dDi U dD2, 
then handleslide them over a. This process can be done away from the arc a. 
Furthermore, since 5n/3 = 0, the new (S, a, /3) differs from the old one by isotoping 
the a curves inside S \ /3. So we can suppose that we started with a triple diagram 
where <5 n a = 0. 
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We use the diagram U A, ct U {a}, (3 U {/?}) to define the map Gwi^si, and 
we compute i^K,s2 using the triple {T,',a',f3 ,S ). The fact that the arc a connects 
5 and dY, and its interior avoids a' U /3' U 5' ensures that every domain in the triple 
diagram (E', a' , (3' , 6') has multiplicity zero on one side of 5 \ A. Here, we can talk 
about the two sides of (5 \ A since 5 n (a U /3) = 0. Note that the only component 
of a' U ^' U 5' that intersects dDi U dD2 is S. Moreover, both dDi \ 6 and dD2 \ S 
are connected, so every domain in the triple diagram (E', a', /3', is the disjoint 
union of a domain supported in A and a domain supported in T,'^; i.e., it has zero 
multiplicity along dDi U 9I?2- Hence the composite map induces the same map on 
homology as the map 

CF(I],a,/3) ^ CF{J:',a',S') 
given by X M- x' X {d}, where a 06 — {d}, and x' S flT^ is the intersection point 
closest to X G Tq nT^. So this is equivalent to the map induced by stabilization. □ 

Lemma 5.42. Let Wi be the cobordism obtained by attaching a two-handle to 
(M, 7) along a framed knot K, and let W2 be a three-handle attached along a two- 
sphere that cancels the knot. Pick Spin'^ structures Si on Wi for i = 1,2. Then, the 
composite 

corresponds to the identity map. 

Proof. The proof follows from "turning around" the proof of Lemma 15.411 □ 

Now, we are ready to prove Theorem 15.371 Let W = {W, Z, ^) be our special 
cobordism. One can find a Morse function on W that has no zero- and four- 
handles, and which is the projection map dAI x / — > / on Z. One can also achieve 
that the index i critical points map to i/4, respectively. By Kirby calculus, any 
two such Morse functions can be connected through a sequence of pair creations 
and cancelations, and a sequence of handleslides, without introducing any zero- or 
four-handles. The above lemmas ensure that the map i^w.s is invariant under all 
Kirby moves, and hence, it is a four-manifold invariant. □ 

5.5. Properties of the special cobordism maps. 

Proposition 5.43. Let W be a special cobordism. Then there are only finitely 
many s G Spin'^(W) for which Fyy^g ^ 0, and 

Proof Note that if we write W = o W2 o VVi, and s,s' G Spin°(W) satisfy 
s|W2 = s'|W2, then s = s'. So the claim follows from Proposition [533 O 

Proposition 5.44. Let (M, 7) be a balanced sutured manifold. IfW = {W,Z,£) is 
the trivial cobordism from (M, 7) to (M, 7), then Fw is the identity of SFH{M,j). 
Furthermore, the restriction map from Spin'^{yV) to Spin'^(M,"f) is an isomorphism, 
and for every 5 G Spin'^{W), the map i^vv,5 the identity of SFH(M,j,s\M). 

Proof Since W = M x I, Z = DM x /, and £, is /-invariant, Spin''(>V) and 
Spin'^(M, 7) are obviously isomorphic. The rest follows from the fact that there 
is a relative handle decomposition of W with no handles at all. If L = 0, then both 
/l and -Fl.s are identity maps, as they are defined via a triple diagram (E, ol, (3, S), 
where Si is a small Hamiltonian translate of Pi for i — 1, . . . , d. □ 
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We have the following analogue of Theorem 3.4]. 

Theorem 5.45. Let Wi be a special cobordism from (Afo,7o) to (Afi,7i), and W2 
a special cobordism from (Afi,7i) to (Af2,72), cind set W — W2 ° Wi. Fix Spirf 
structures Si G Spirf {Wj) for 1 = 1,2 such that SijAfi — S2|Afi. Then 



Moreover, Fyy = -FW2 ° -^vVi ■ 

Proof. Just as in the proof of [151 Theorem 3.4], this follows from the corresponding 
result for links. Proposition [5301 together with the fact that we can commute two- 
handle additions past one-handle additions; and similarly, three-handle additions 
past two-handle additions. We only state these two results in our case, their proofs 
are essentially the same as the proofs of Proposition 4.18 and 4.19 in [19j . 

Proposition 5.46. Let (A/, 7) be a balanced sutured manifold, and suppose that 
(Af',7') is obtained by attaching one-handles to (Af, 7). Furthermore, let L 6e a 
framed link in (Af, 7), and letU be the corresponding framed link in (A/', 7'). Then 
we get a one-handle cobordism V from (Af, 7) to (Af ,7'), and a one-handle cobor- 
dism V(L) from (Af(L),7) to (Af'(L'), 7'). Then the following diagram commutes: 

SFH{M,j) — ^ 5FiJ(Af(L),7) 

Gv(L) 

SFH{M',i) SFH{M'{V),i), 
and there is an analogous diagram that also includes relative Spin'' structures. 

Proposition 5.47. Let L' be a framed link in (Af',7'), which is disjoint from a 
two-sphere S C A/. Then we have a three-handle cobordisms lA from {M',"f') to 
(Af, 7), let L be the corresponding framed link in (A/, 7). We also have a three- 
handle cobordism U (L.) from (Af'(L'),7') to (Af(L),7). Then the following diagram 
commutes: 

SFH{M',i) SFH(M'{V),i) 

SFH{M,j) — ^ SFH{M{L),'y), 
and there is an analogous diagram that also includes relative Spin'' structures. 

□ 

6. The contact invariant EH and the gluing map $j 

Here, we review the necessary definitions and result from [T^j, [H], and and 
enrich the theory with Spin*^ structures. 

6.1. The contact invariant EH. Suppose that (Af, ^ is a contact 3-manifold 
with convex boundary and dividing set 7 on DM. We denote such a contact manifold 
by {M,j,£^). In [12], Honda, Kazez, and Matic defined an invariant of (Af, 7,^) 
which is an element EH{M,j,£^) of SFH{—M, —7), also see [16]. Note that over 
Z, this element is well-defined only up to sign. We briefly review the construction 
of this contact invariant. 
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Figure 5. A balanced diagram obtained from a partial open book decomposition. 

Definition 6.1. A partial open book decomposition is a pair (S,h: P — >■ S), where 

• 5 is a compact oriented surface with dS called the page, 

• P C S is & compact subsurface, such that each component of dP is polyg- 
onal with consecutive sides ri, . . . , r2„, and C dS for i even, 

• /i: P — > 5 is a diffeomorphism such that h\{P n dS) = Id. 

The partial open book {S, h) defines a contact manifold (Af, 7, ^) as follows. Let 
M = S X I/n^f^, where is the equivalence relation such that {x,t) ~/i {x,t') for 
all X € dS and t £ I, and {x, 1) {h{x),0) for all x £ P. Furthermore, i?+(7) = 
Int(5\P) X {1} and R_{-f) ^lntiS\h{P)) x {0}, whereas 7 = dR+i-f) = ai?_(7). 
To define ^, notice that one can obtain {M, 7) by gluing together the product 
sutured manifolds (5 x I,dS x /) and {P x /, —dP x /). Each of them carries a 
unique product disc decomposable contact structure, ^ is obtained by gluing these 
together. 

Given a contact manifold (M, 7,^), there exists a compatible partial open book 
decomposition {S,h: P ^ S) by |12l Theorem 1.3]. The closure of the surface S\P 
is naturally identified with R+{-f). A set {&i, . . . , b^} of properly embedded, pairwise 

disjoint arcs in P is called a basis for (5*, i?+ (7)) if S\ ^UiLi ^i) deformation retracts 

onto i?+(7). In fact, {&i, . . . , b^} is a basis for Hi{P, P n dS). Fix such a basis. 

For i = 1, . . . , d, let be an arc that is isotopic to bi by a small isotopy such 
that the following hold: 

• The endpoints of bi are isotoped along dS, in the direction given by the 
boundary orientation of S. 

• The arcs and bi intersect transversely in one point in Int(5). 
Then we obtain a balanced diagram (E,q:,/3) defining (M, 7) by setting 

S-(5x{0})U-(Px{l/2}), 

and taking pi = d{bi x [0, 1/2]) and = (a^ x {1/2}) U (/i(ai) x {0}) for i = 1, . . . , d, 
see Figure 5. To see that the orientations match up, observe that 7 = 9S, and S 
is oriented as the boundary of the a compression body. 
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Let Xi — (tti n bi) X {1/2} for i = 1, . . . ,d. Then x — (xi, . . . , Xd) is a cycle in 
CF{~J^, a, f3). Indeed, if D is the cfosure of a component of — E \ (a U /3) such 
that Xi G dD and dD n points out of Xi, then Z? n dH 7^ 0. So every domain 
emanating from x is forced to be zero. Note that (— E,q:,/3) defines (— Af, — 7). 
Hence x defines a class in SFH{—M,—^), which is shown to be an invariant of 
the contact manifold (Af, 7,^) in [121 Theorem 3.1]. This is the contact invariant 

Remark 6.2. Note that we changed the notation of [12], where they labeled our 
a curves by /3, our /3 curves by a, and our — S by S. We did this to make the 
underlying orientation conventions more transparent. In fact, with the notations of 
p[5|, one has x e CF(E, /3, a.), but their (E, a, /3) defines {M, —7) instead of (A/, 7). 
If (E,q:,/3) defined {M,j), then (S,/3, a) would define (— Af, 7). However, this is 
not a real issue as SFH{~M, 7) and SFH{—M, —7) are canonically isomorphic by 
[H Proposition 2.12]. 

Example 6.3. To illustrate the above construction, let us review [161 Example 2]. 
For an illustration, see Figure [5l In this example, the page S of our partial open 
book decomposition is an annulus, and P is a radial segment of S. The diffeomor- 
phism h: P S is the restriction of a left-handed Dehn twist to P. This partial 
open book decomposition {S,h: P ^ S) defines a contact manifold (A/, 7, ^). In the 
resulting chain complex CF{—'E, a, /3), there are three generators; we denote them 
by X, y, and z, as in Figure[5l Observe that 9x = 0, while 9y = x and dz = x. Thus 
SFH{-M,--f) = Z and EH{M,-f,0 = M = 0. The sutured manifold (Af,7) is 
the once punctured sphere S''^(l), and ^ is an overtwisted contact structure on it. 

As described above ^4, Proposition 2.12], if v represents a Spin^ structure on 
(Af, 7), then the same vector field also represents a Spin^ structure on (— Af, —7). 
Hence there is a canonical identification between Spin^(Af, 7) and Spin^(— Af, —7), 
and we will not distinguish between the two. 

Proposition 6.4. Suppose that {M,j,^) is a contact manifold, and let S 
Spin'^{M,'^) be the homology class of the vector field . Then 

EH{M,-f,^) e SFH{-M,-"f,s^). 

Proof. The partial open book used to define the contact class EH{M, 7, ^) is con- 
structed using a relative contact handle decomposition of (Af, 7,^). One takes 
R- (7) X I, and attaches d contact one-handles, then d contact two-handles. Suppose 
that if is a contact one- or two-handle. This means that is contactomorphic 
to the unique tight contact structure on with convex boundary and connected 
dividing set. Denote by v the dividing set on dH. 

The handle decomposition gives a balanced diagram (— I],a,/3) for (— Af, —7), 
which agrees with the one arising from the partial open book decomposition. The 
Heegaard surface E is obtained from R-{'y) x {1} by performing the one-handle 
surgeries. If ff is a one-handle, then its belt circle is an a-curve that intersects v 
in exactly two points. If ff is a two-handle, then its attaching circle is a /3-curve 
that also intersects v in two points. The contact element is represented by an 
intersection point x G Tq, n such that xD ff lies on R^{v) if ff is a one-handle, 
and on R+(v) if ff is a two-handle. 

The construction of the Spin'^ structure s(x) associated to an x coming from a 
relative handle decomposition is explained in subsection 3.4 of [4]. A vector field v 
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Figure 6. A contact one-handle above a contact two-handle, to- 
gether with the vector field vq used for constructing the relative 
Spin'^ structures. 



representing s(x) is obtained as follows. One takes the vector field Vq on M that 
agrees with d/dt on M x I. On a one-handle H = x D"^, we take 

d d d 

^0 = -a; • + y • + z • — , 
ax oy oz 

while on a two-handle H = x one considers 

d__ d_ d_ 
^ dx ^ dy ^ dz' 

We also choose a smooth one-chain 6 in M that connects the centers of the one- and 
two-handles, and passes through x. Then one extends vo\{M \ N{9)) to a nowhere 
zero vector field v on M. Suppose that 6\,.. . ,6^ are the components of 6, and 
9i connects the centers of the handles and Hp^ corresponding to and /3j, 
respectively, for i = 1, . . . ,d. Along 0^, the vectors Vq point from the center of H^n 
towards the center of H^^ , whereas v points in the opposite direction. 

Now wc show that v and are homotopic over the two-skclcton of M\ i.e., they 
are homologous. This will follow if we prove that for every one- or two-handle if, 
and for every p G dH, we have 

Indeed, on R-ij) x I both v and ^-^ point up. If v is generic, the set where v 

and arc opposite represent the difference of the corresponding Spin'^ structures. 
If each component of this difference cycle lies in a handle, then it is obviously 
null-homologous. 
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First, observe that points into H along R-{i/), and points out of H along 
Hence, one has 

{vo)p = -(?^)p 

for exactly one point p € dH, which we can assume to be x n H. Indeed, if is a 
one-handle Ha- , then along its belt circle ai the field vq points in, and ai fl R- (v) 
consists of an arc, whose "midpoint" Xi is where vq and are opposite. Similarly, 
if _ff is a two-handle Hfj. with attaching circle /3i, then the midpoint Xi of the arc 
Pi n R+i-f) is where vq and are opposite. However, as described above, v is 
opposite to Vq along 6. In particular, v and point in the same direction at x^, 
and are never opposite elsewhere along the two-skeleton. □ 

6.2. The gluing map 

Definition 6.5. We say that (M',7') is a sutured suhmanifold of the sutured 
manifold (Af, 7) if M' is a submanifold with boundary of M, and M' C Int(M). A 
connected component C of M \ Int(Af ') is called isolated if C n dM = 0. 

Next, we recall [91 Theorem 1.1]. 

Theorem 6.6. Let (M',7') be a sutured suhmanifold of (Af, 7), and let ^ he a 

contact structure on M\ Int(M') with convex boundary, and dividing set 7 on DM 
and"/' on dM'. If M\Int{M') has m isolated components, then ^ induces a natural 
map 

: SFH{-M', -7') ^ SFH{-M, -7) ® F®" 

that is well-defined only up to an overall ± sign. Here V — HF{S^ x S^) ^ Z Z 
is a X-graded vector space, where the two summands have gradings that differ by 
one, say and 1. 

Moreover, if if is any contact structure on Af with dividing set 7' on dM\ then 

<^^{EH{M', 7', ^')) = EH{M, 7, U «) (a; ® • • • a;), 

where x is the contact class of the standard contact structure on x S^. 

Honda, Kazez, and Matic call $^ the "gluing map". Its construction is rather 
involved, we only describe it briefly and highlight its properties that we will need 
later. 

Suppose for now that to = 0. First, we choose an arbitrary balanced diagram 
(— Eq, olq, ^q) for (— Af ', —7'). Let T — dM' , and denote by C the /-invariant contact 
structure on Tx/ such that for every t G / the surface Tx{t} is convex with dividing 
set 7' X {t}. Then we construct two special partial open book decompositions for (Tx 
J, C), and denote by (— Ej, aj, /3j) and (— S^, a^, /3^) the corresponding balanced 
diagrams. We set S' = U U S^, and extend aj, U U and /Jj, U /3j U to 
full sets of attaching circles a' and /3', respectively. We end up with a special kind 
of balanced diagram (— E', ct', /3') for (— Af',— 7'), that 9J calls contact compatible 
with C near dM' . 

In the second step, using the contact structure ^, one extends the balanced 
diagram (— E', a', /3') to a balanced diagram (— S,q;,/3) for (— Af, — 7) such that 
S' C S, while a = a' U a." and /3 = /3' U /3". The curves a." and (3" come from a 
partial open book decomposition, hence there is a distinguished intersection point 
x" = {x'l, . . . G Tq,'/ n T/3//, with the properties described above Remark [621 
More precisely, if D is the closure of a component of — E \ (aU/3) such that x'.[ E dD 
and dD n ai points out of x", then D dT, ^ %. 
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We define the map 

05 : CF{~J:', a', (3') CF{-Y., a, (3) 

on each generator y e Ta'C\Tiji of CF(— S', a', /3') by the formula ^^(y) = (y,x"), 
and extend it to CF(— S', a', /3') linearly. This is a chain map, since every domain 
emanating from (y,x") has zero multiplicities around x", hence must consist of a 
domain in (E', a' ,(3') emanating from y, plus the trivial domain from x" to itself. 
The induced map on the homology is 

$5 : SFH{-M', -7') ^ SFH{-M, -7). 

We point out that the definition of $5 also works when (M' , 7') = 0, so {M, 7, ^) 
is a contact manifold. Then SFH{M' — Z, and the map $5 is given by 

The naturality of the map $5 means the following. Suppose that (— S', a', /3') 
and (— E', a', /3') are balanced diagrams for (— Af', — 7') that are contact compat- 
ible with C near 9M', and let (— E,a,/3) and (— E,a, /3) be their extensions to 
(— M, —7), respectively. Then the following diagram is commutative: 

SFH{-Y.',cx',(3') 
SFH{-'Tj,a','^) 

where 5'i and ^'2 are isomorphisms induced by equivalences between the sutured 
diagrams (cf. Theorem 15. 18|) . This implies that if (M', 7') is a sutured submanifold 
of (M, 7) with contact structure ^ on Z = Af \ Int(Af'), and (A/', 7') is a sutured 
submanifold of (Af,7) with contact structure ^ on Z = Af \ Int(A/'), then an 
orientation preserving difFeomorphism d: M ^ M such that d{Z) = Z, d{'f') = 7', 
^(7) = 75 Eind = ^ gives rise to a commutative diagram 

SFH{~M\-y) — ^ SFH{-M,-j) 

|(rf|M'). |<i. 

SFH{-W,-Y) — ^ SFH{-M,~^). 

For the case m > 0, see the discussion on page 7 of 9 . We now list some basic 
properties of this gluing map. The first is '9, Theorem 6.1]. 

Theorem 6.7. Let (Af, 7) be a balanced sutured manifold, and let ^ be an I- 

invariant contact structure on dM x / with dividing set 7 x {t} on dM x {t}. 
Then the gluing map 

$5 : SFH{~M, -7) ^ SFH{~M, -7), 

obtained by attaching {dM x /,^) onto (Af, 7) along dM x {0}, is the identity map 
(up to an overall ± sign, if over Z). 

The following statement is ^ Proposition 6.2]. 



-> SFH{-T,,a,l3) 
-> SFH(-^,a,m, 
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Proposition 6.8. Consider the inclusions (Afo,7o) C (Afi,7i) C (Af2,72) of su- 
tured submanifolds. For i = 0,1, let be a contact structure on Afi+i \ Int{Mi) 
that has convex boundary and dividing set jj on dMj for j = i,i + I. Then 

$5, o = $5„u6 : SFHi~Mo, -70) ^ SFH{-M2, -72), 
up to an overall ± sign if over Z. 

Definition 6.9. Let (M',7') be a sutured submanifold of (M, 7), and let ^ be a 
contact structure on M\Int(M') with convex boundary, and dividing set 7 on dM 
and 7' on dM'. If s' G Spin'^(M', 7'), and v' is a vector field representing s', tiien 
the homology class of the vector field v = v' U is obviously independent of the 
choice of v'. This defines a map 

/5:Spin^(Af',7')^Spin-(M,7), 

by setting /^(s') to be the homology class of v. 

Given Si,S2 G Spin'^(A/, 7), their difference Si — S2 is an element of H'^{M,dM), 
which we identify with Hi ( Af ) using Poincare duality. 

Lemma 6.10. Ifs[,s'2 G Spin'^iM' ,Y), then 

where e^, : Hi{M') — > Hi{M) is the map induced by the embedding e: M' ^ M. 

Proof. Let v[ be a vector field representing for i = 1, 2. After fixing a trivialization 
of TA4, we can view Vi = v'-^VJ and i;2 = f 2 U as maps from Af to iS^. If p is 
a common regular value of vi and V2, then 

/?«)-/c(s2)-K'(p)-«2~'b)]- 

But vi and t;2 agree outside M'; moreover, 

vi\p)-v^\p) = {v[r\p)~{v',)-\p). 

The right hand side, thought of as a one-cycle in M, represents e*(B']^ — s^), which 
proves the lemma. □ 

Proposition 6.11. Let (Af',7') be a sutured submanifold of (A/, 7), and let £^ be a 

contact structure on M \ Int{M') with convex boundary, and dividing set 7 on dM 
and 7' on dM' . Pick a Spin'' structure 5' G Spin''{M' ,j'), and choose an element 
x' G SFH{-M',-j',s'). Then 

^^{x')eSFH{~M, -7,/?(s')). 

Proof. Fix an arbitrary contact structure ^' on (A/', 7') such that dAI' is a con- 
vex surface with dividing set 7'. Choose a partial open book decomposition defin- 
ing (Af',7',^'), and let (— S', ct', /3') be the corresponding balanced diagram of 
(-Af',-7'). Extend (-E',q;',/3') it to a diagram {-T,,a,(3) defining (-Af, -7), 
as in the definition of the map More precisely, we have a. — a' U a." and 
j3 = j3' U (3" , and there is a distinguished intersection point x" G T^" n T^" such 
that (j)^{y) = (y, x") for every y G Ta' nT/3/ . Let yo G T^' flT^' be the distinguished 
intersection point representing the contact class i?H(Af', 7', ^'). 

Again, let e: M' ^ Af be the embedding. Then it follows from Lcmma fG.lOl and 
the above description of that for any y G T^' n T^/ we have 

/«(s(y)) - /«(s(yo)) = e4s(y) -s(yo)) = 
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= s(y,x") -s(yo,x") =s(0c(y)) -s(<^c(yo)) £ ffi(Af). 
Note that 0^(yo) — (yojX") is the distinguished intersection point representing 
EH{M, 7, see Theorem l6.6l So the proof of Proposition l6.4l impUes that s(yo) = 
5^' and s(0^(yo)) = s^uc- Of course, /^(s^') = s^'uc- We conclude that 

/5(s(y))=s(04(y)) 

for every y G T^' flT^'. Since T^' flT^' freely generates CF(— S, a', /3'), this implies 
the claim of the proposition. 

□ 

Remark 6.12. It is not true in general that for every x' e SFH{—M', —7') there 
exists a contact structure ^' on (M',7') such that x' = EH{M' ,Y 

Corollary 6.13. For any s' G Spirf{M' ,-/'), let 

$4,,- = $4|5Fi/(-Af',-7',s')- 

<^^y : SFH{~M', -7', s') ^ SFH{-M, -7, (s')), 

and 

s'eSpm=(-A/',7') 

Remark 6.14. In the remark on page 11 of [9], a construction is outlined for a 
map from SFH{—M', —7') to SFH{-M, —7) that depends on a Spin^ structure 
s' G Spin'^(M', 7'). Specifically, one would use a contact structure ^' on {AI',Y) 
that represents s' to construct the balanced diagram for (— M', —7') via a partial 
open book decomposition. This would replace the diagrams for (— M', —7') that 
are contact compatible near the boundary. It is natural to conjecture that the 
restriction of this map to SFH{—AI', —7', s') is precisely , which might simplify 
concrete computations of ${,s'- 

7. Construction of the cobordism map Fw 

Now we can give the construction of the map i<Vv for an arbitrary balanced 
cobordism W = {W, Z, It is a composition of the gluing map $5 induced by the 
contact structure ^ and the cobordism map induced by a special cobordism. 

Definition 7.1. Let W = {W,Z,£^) be a balanced cobordism from (Afo,7o) to 
(Ml, 7i). Following [9 , we say that a component Zq of Z is isolated if ZqDMi = 0. 
First, we define i^yv if Z has no isolated components, see Figure [71 

Observing the orientation conventions in Remark 12.41 note that {—Mq, —70) is a 
sutured submanifold of {—N, —71) = {—Mq U Z, —71). Thus Theorem 16.61 provides 
us with a map 

SFHiMo,-fo) ^ SFH{N,-fi), 
well-defined up to an overall ± sign. 

The sutured manifolds (A^, 71) and (Mi, 71) have the same boundary and same 
sutures, and dW — ~N U Mi. We can think of this as a special cobordism from 
(A^, 71) to (Afi,7i), call it Wi. For each such cobordism we constructed a map 

Fw, : SFH{N,^i) ^ SFH{Muli) 

in section [S] Finally, we set 

Fw = -Fwi o $4- 
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(N. r, ; 



Figure 7. A balanced cobordism W having no isolated compo- 
nents on the left, and the corresponding special cobordism Wi on 
the right. 

In the general case, for each isolated component Zq of Z, choose a small standard 
contact ball C Int(Zo) with convex boundary, and connected dividing set (Jo- 
Let B be the union of all such balls, and i5 the dividing set on dB. Then we replace 
the cobordism W with W = {W, Z', where Z' = Z\ Int(B) and = i\Z' . The 
morphisni W" has source (Afo,7o) and range (M{,7^) = (Afi,7i) U (i?, 5). Since 
5FiJ(Af{,7() ^ SFH{Mi,^i), and now Z' has no isolated components, we can 
define i^w ~ Fyyi. 

The map Fw has a refinement along relative Spin'^ structure on W. We describe 
this next. 

Definition 7.2. Let W = {W,Z,^) be a balanced cobordism from (Afo,7o) to 
(A'/i,7i). Choose a relative Spin'^ structure s € Spin'^(W), and for i — 0,1 set 

U^s\M^e Spin" (M,, 7,). 

First, suppose that Z has no isolated components. Then there is a natural 
restriction map from Spin'^(W) to Spin'^(>Vi), we denote the image of s by Si = 
s\Wi. Note that 

Si|A^ = /«(to) eSpin"(Ar,7i). 

Hence the special cobordism Wi, endowed with the Spin'^ structure Si, induces a 
map 

: 5FiJ(7V,7i,/4(to)) ^ 5FiJ(Mi,7i,ti). 

By CoroUarv 16.131 the sutured submanifold (— Afo, — 7o) of (— A^, — 71), together 
with the Spin*^ structure tg, give rise to a map 

$^,t„: 5^^iJ(Mo,7o,to) ^ 5FiJ(^,7i,/4(to)). 

So we can define 

Fw,.: SFH{Mo,-fo,{o) ^ 5FiJ(Mi, 71, ti) 
by the formula i^w.s — Fwi,si ° ^i.Ui- 
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When Z does have isolated components, then as before, we take the cobordism 
W from (Mo, 70) to (Af{,7() = (Afi,7i) U Then set s' = s|W', and notice 

that t']^ = s'|(M{,7j) agrees with ti on (A/1,71), and is the vertical Spin*^ structure 
ts on the product {B,6). Hence 

SFH{M[,j[,t[) = SFH{Mi,ji,ti) SFH{B,6,tB) = SFH{Mi,ji,ti)®Z, 

and we can set i^vv,5 = Fw.s'- 

The above construction motivates the following definition. 

Definition 7.3. A cobordism W = {W,Z,^) from (A/0,70) to (A^, 71) is called a 
boundary cobordism if W is balanced, N is parallel to Mq U {—Z)^ and we are also 
given a retraction r: W ^ AIq U {—Z) such that r\N is an orientation preserving 
diffeomorphism from N to Mq U (— -Z^)- 

Given a boundary cobordism, we can view {—Mq, —70) as a sutured submani- 
fold of {—N, —71), and f is a contact structure such that OMq U dN is a convex 
surface with dividing set 70 U 71 . Hence a boundary cobordism gives rise to a map 
$5: SFH{Mo,jo) ^ 5F//(iV,7i). 

Definition 7.4. Let W = (VF, Z, ^) and W = {W , Z', ^') be boundary cobordisms 
from (A/0,70) to (TV, 71), together with retractions r and r' , respectively. Then 
we say that W and W' are strongly equivalent if there is a strong equivalence 
d: W W in the sense of Definition 12.61 that also respects the retractions; i.e., 
do r = r' o d. Such a d is called a strong equivalence. 

If W is a boundary cobordism from (A/0,70) to (A^, 71), and W is a boundary 
cobordism from (A/g, 7q) to (A^', 71), then W and W are said to be weakly equivalent 
if there is a weak equivalence d: W ~^ W in the sense of Definition 12.61 that also 
satisfies d o r = r' o d. We call such a c? a weak equivalence. 

The naturality of <f>^ implies the following statement. 

Proposition 7.5. Let d be a weak equivalence between the boundary cobordisms 
W = {W,Z,0 from (A/0,70) to (A^,7i) and W = {W ,Z' from {M'^^io) to 
{N',j[). Furthermore, let i £ Spm'^(A/o, 70) and i' = (/*(i). Then there is a com- 
mutative diagram 

5F//(A/o,7o,t) SFH{N,jiJ^{t)) 



{d\Mo). 



{d\N}, 



SFH{M(,,%,i') -il^ SFHiN',Y,J^,{t')), 

and there is an analogous diagram for (f>^ and that does not include Spin'^ 
■structures. 

Lemma 7.6. Suppose that W = {W,Z,^) is a balanced cobordism from (A/0,70) 
to (A/i,7i) such that Z has no isolated components. Then W can be written as a 
composition Wi o Wo, where Wo is o. boundary cobordism from (A/0,70) to some 
(A^, 71), andyVi is a special cobordism from (A^, 71) to (A/1,71). 

This decomposition is unique in the following sense. Suppose that d is a weak 
equivalence between W and another cobordism W' from {Mq,Jq) to (A/{,7i), and 
we have a splitting W — W(oWo along (N' , 71). Then there is a weak equivalence d' 
such that d'{N, 71) — {N', j[) and d{x) = d'{x) for every x £ A/qUA/i. Furthermore, 
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d'|Wo is a weak equivalence between the boundary cobordisms Wo and Wq, and 
d'\Wi is a weak equivalence between the special cobordisms Wi and VV(. Finally, 
(i*(s) = c?t(s) for every s G Spin'^{W). 

Proof. First, choose a collar neighborhood Zi = dMi x / of dMi in Z such that 
dMi — dMi X {0}, and for every t e / the surface dMi x {<} is convex with dividing 
set 7i x {t} in = £,\Zi. Set Zq to be the closure of Z\Z\. Then choose a properly 
embedded 3-manifold iV C W such that dN = 9Mo x {1}, and N is parallel to 
Mo U {—Zq). Cutting W along gives the required decomposition. 

The uniqueness follows from the uniqueness of the "product" collar neighborhood 
(Zij^i), see [m Theorem 2.5.23]. So one can isotope d relative to MqUA/i thorough 
weak equivalences until d'{N,ji) = (iV',7(). Then a further isotopy in Int(Vt^') 
ensures that dor = r' o d, where r and r' are the retractions for the boundary 
cobordisms Wo and Wg, respectively. Hence r\Wo is an equivalence of boundary 
cobordisms. We can achieve that the map d respects the product structures on Zi 
and Z[; i.e., d{x,t) — {d{x),t) for {x,t) E Zi — dMi x /, showing that d\Wi is an 
equivalence of special cobordisms. The last statement follows from the fact that we 
got d' from d by isotoping it through weak equivalences. □ 

Let W — {W, Z, ^) be a balanced cobordism such that Z has no isolated compo- 
nents. An alternative way of thinking about the map Fyy is to write W = Wi o Wo 
as in Lemma [LH i.e.. Wo = {Wq, Zo,^o) is a boundary cobordism from (Mo,7o) 
to (iV, 7i), and Wi is a special cobordism from (A^, 71) to (Mi, 71). Then set 
i^w = FyVi ° Fwo : where is the map defined in section O and = . 

Proposition 7.7. Let W be a cobordism from (Mo, 70) to (Mi, 71). If W is a 
special cobordism, then the Fyv defined here agrees with the special cobordism map 
-Fyv defined in section\^ IfW— (W, Z,^) is a boundary cobordism, then Fyv — $5. 

Proof. If W is a special cobordism, then Wo is the trivial cobordism from (Mo, 70) to 
itself, so by Theorem l6 . 71 the map $vVo is the identity, and i^vv — ^Wi • Furthermore, 
W = Wi. 

On the other hand, if W is a boundary cobordism, then Wi is the trivial cobor- 
dism from (Ml, 71) to itself, so W = Wq. By Proposition l5.441 the map i^Wi is the 
identity, hence Fyy — ^^g. □ 

Consequently, the maps Fyv generalize both special cobordism maps and gluing 
maps. 

Definition 7.8. Suppose that W = (W,Z, ^) is a balanced cobordism such that 
Z has no isolated components. Write W as Wi o Wq, where Wo is a boundary 
cobordism and Wi is a special cobordism. We say that the Spin'^ structures s, s' G 
Spin'^(W) are equivalent, in short s ^ s' , if s\Wi — s'|Wi for « = 0, 1. We denote 
the set of equivalence classes by Spin'^(W)/^. 

If W does have isolated components, then we let Spin^(W)/^ = Spin'^(W')/^, 
where W' is the cobordism from (Mo, 70) to (Mi, 71) U {B, S) introduced in Defini- 
tion O 

By construction, if s ^ s', then Fw.s = -Fw.s'- For s G Spin'^(W)/^, let 

Fw,s — Fw^s, 
where s is an arbitrary representative of s. 
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Remark 7.9. Suppose that Wo is a boundary cobordism from (Mo,7o) to (A^, 71), 
and Wi is a special cobordism from {N,ji) to (Mi, 71). Let W = Wi o Wq. Using 
a relative Mayer- Vietoris sequence, we see that Spin'^(W)/.^ corresponds to the set 
of 6H^{N, dN) orbits in Spin'=(W). Hence Spin'=(W) = Spin'=(W)/^ if H2iN) = 0. 

Also note that Spin'^CWo) = Spin'' (Mq, 70). For to G Spin''(Afo, 7o), let So be the 
corresponding element of Spin'' (Wo). Then So|iV = (to), and in general the map 
is neither injective, nor surjective, cf. Lemma 16.101 Furthermore, s,s' G Spin''(W) 
are equivalent if and only if 5\Mq — s'\Mq and s\Wi = s'\Wi. 

Proposition 7.10. Given a balanced cobordism W = {W,Z,^), we have 

Proof. This follows from Proposition 15.431 and Corollary 16. 131 □ 



8. Properties of the cobordism map Fyy 

8.1. Naturality and functoriality. We start by proving a naturality result for 
the cobordism map Fyy. 

Theorem 8.1. Suppose that W = {W, Z,^) is a balanced cobordism from (Mo,7o) 
to (Ml, 71), andW' = {W , Z',^') is a balanced cobordism from (Mo,7o) to (M{,7(). 
Pick an 5 G Spin'^(yV), and let ti — s\Mi for i — 0, 1. If d is a weak equivalence 
from W to W', then we have a commutative diagram 

5FiJ(Mo,7o,to) 5^i?(Mi,7i,ti) 

|(ci|Mo). |(d|Mi). 

SFH{Ml„Y„t',) SFH{M[,y„t[), 

where s' — (s) and = 5'\M- for i = 0,1. An analogous statement holds for Fy\!. 

Proof. This follows from the corresponding naturality result for special cobordisms, 
Theorem l5.37l and the naturality of the gluing map More precisely, first assume 
that Z and Z' have no isolated components. Set N = Mo U {~Z) and N' — 
M[) U {-Z'). Then (Mo,7o) is a sutured submanifold of (iV,7i), and {M^,Yo) is 
a sutured submanifold of (iV',7j). Furthermore, d\N is an orientation preserving 
diffeomorphism from N to N' such that d{Z) = Z', d{jo) — 7q, d(7i) = j[, and 
d*(^) = f'. Hence the naturality of the gluing map gives the commutative diagram 

SFH{Mo,7o,io) SFH{N,jufdio)) 

|(<i|Mo). |(d|W). 

SFH{M[„%,t',) SFHiN',y,J^,%)). 

On the other hand, d gives rise to a weak equivalence between the special cobordism 
Wi from (iV, 71) to (Mi, 71) and the special cobordism W{ from {N' , 7() to (M( , 7^). 
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w; 





Figure 8. The cobordism Wi has one isolated component, while 
W2 has two. In this example, W2' o W[ and W' are different. 



So Theorem 15.371 gives the commutative diagram 

5i^iJ(iV,7i,/^(to)) SFH{Mi,ji,h) 



id\N). 



(d|Afi). 



i> SFHiM{,y^,t[) 



SFH{N\^[J^,{t'o)) - 

Putting the above two commutative diagrams together gives the required diagram. 
The case when Z and Z' have isolated components follows from this by deleting 
standard contact balls {B, 6) from Z, and then deleting the corresponding balls 
B' = d{B) from Z' . □ 

Corollary 8.2. If the balanced cobordisms W and W' from (Mo,7o) to (Mi, 71) 
are strongly equivalent, then Fw = Fw' ■ Furthermore, if d is a strong equivalence, 
and s G S'pm^(W), then i>v,s = Fw'.d,(s)- 



Proof. This follows from Theorem [53] by observing that for a strong equivalence d 
and for i — 0,1 the map d\Mi is the identity of Mi, hence {d\Mi)^ is the identity 
of 5FiJ(A/„7,). ' □ 

So Fw can be defined on strong equivalence classes of cobordisms; i.e., on mor- 
phisms of the category of BSut. We now show that Fw is in fact functorial. 

Theorem 8.3. Let Wi be a balanced cobordism from (A/0,70) to (Mi, 71), and 
let W2 be a balanced cobordism from (A/1,71) to (A/2,72). We write W for the 
composition W2 ° VVi . Then 

Fw2 ° Fwi = Fw- 
Furthermore, if Si £ Spin'^{Wi)/^ for i — 1,2, then 

Fw2,s2 ° Fwi,si — ^ Fw,s- 

{seSpm^(W)/^ : s|Wi=si,s|W2=S2} 
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Figure 9. 

Proof. We show how to reduce to the case when neither Wi, nor 'W2 has isolated 
components. Recall that in the general case, for j = 1, 2, the map i<Vvi was defined 
to be Fvv'i where W[ is a cobordism from (Afi_i,7i_i) to 

(M;,7:) = (M,;,7,)U(B„<5,). 

The cobordisms W{ and W2 do not compose if i?i ^0, see Figure El To get around 
this problem, let Bi be the trivial cobordism from {Bi,5i) to itself, and take W!^ 
to be the disjoint union of 'W2 and Bi. Then, assuming the result for no isolated 
components, we have 

Now Fy^n = Fy^i^ by Proposition 15.441 so the left hand side is just o Fwi- 

To define the map Fw, we use a cobordism W' with no isolated components. 
Notice that oW( almost agrees with W' = {W, Z' , ^'), except that some standard 
contact balls might be removed from {Z' , and added to (Mj, 72). Such a situation 
is depicted on Figure [5] However, the following lemma will ensure that Fyy^'ow; = 
Fyv' — Fyv still holds, and hence we still have Fyv^ o Fy^-^ — Fy^ in the presence of 
isolated components. 

Lemma 8.4. Suppose thatW = {W,Z,^) is a balanced cobordism from (A/o,7o) to 
(Afi,7i). Let B C Int{Z) be a standard contact ball in (^, ^) with convex boundary 
and connected dividing set 6. Furthermore, let V = (W,Zo,^o) be the cobordism 
from (Mo,7o) to (Mi, 71) U (B, i5), where Zq = Z \ Int{B) and ^0 ~ £,\Zq- Then 
Fw = Fw„, after we identify SFH{Mi,ji) with SFH{{Mi,ji) U {B,S)). 

Proof. First, assume that Z has no isolated components, then the same holds for 
Zq. By definition, Fy^ = F^i o and — Fvi ° ^{0; where Wi is a special 
cobordism from some sutured manifold (iV, 71) to (Mi, 71). As described on page 
7 of [9], the map 

% : SFHiMo,-/o) ^ SFH{N,ji) ® V 
agrees with <i>j composed with a map 

SFH{N,-fi) SFH{N,ji) (g,V, 

given by connected summing with the suture manifold >5'"^(1). More precisely, take 
the same balanced diagram that gives $5 , remove an open ball D from the Heegaard 
surface, and add a circle a and a circle /3 that are small Hamiltonian translates of 
each other, and are parallel to dD, see Figure O If a; G a n /3 is the intersection 
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point with the smaher grading, and if $^(y) = (y,x"), then $^'(y) = (y,x",x). 
Furthermore, agrees with Fw-^ composed with the 3-handle map corresponding 
to the connected sum , represented by the periodic domain bounded by a and /3 
(see Definition I5.34p . So on the chain level Fy-^{y,x" ,x) = (y,x"). Hence 

Fv : SFH{Mq, 7o) ^ SFH{Mi,ji) (g> SFH{B, S) ^ SFH{Mi,-fi) 

agrees with Fyy. 

Now consider the general case. If B lies in an isolated component of Z, then the 
claim is obvious. So suppose that B lies in a non-isolated component of Z. Then 
one can apply the lemma to W" and Wq to obtain that 

Fw = Fw = = Fwg , 
which concludes the proof of the lemma. □ 

From now on, we can suppose that neither Wi, nor W2 has isolated components. 
For i = 1, 2, we have a unique decomposition 

where Wio is a boundary cobordism, and Wn is a special cobordism. By definition, 
Fw, = Fw,i o Fw-g . So 

Fw2 ° Fwi = -Fwai o Fw2o o -Fyvii ° -P'wio ■ 

We can uniquely write the cobordism W20 ° Wn in the form Vi o Vq, where Vo is a 
boundary cobordism and Vi is a special cobordism. Then 

W^WzioVioVooWio, 

and W21 o Vi is a special cobordism, whereas Vq o Wio is a boundary cobordism. 
So, by the uniqueness part of Lemma 17.61 

Fw — Fw2ioVi ° FvooWio- 

Using Theorem 15.451 we get 

^VV2l0Vl = Fw21 ° ^Vl , 

and Proposition 16.81 implies that 

^VooWio = Fvg o Fwio ■ 

So we are done as soon as we show that 

Fvi ° Fvg — Fw2o ° Fwii ■ 
This will follow from the next proposition. 

Proposition 8.5. Suppose that W — Wi o Wq, where Wi is a boundary cobordism 
and Wq 0, special cobordism. Let Vi o Vq be the unique decomposition 0/ W into 
a boundary cobordism Vq and a special cobordism Vi. Then 

Fwi ° Fwo — ^Vi ° ^Vo ■ 

Proof. Suppose that {M',^') is a sutured submanifold of (M, 7), and assume ^ 
is a contact structure on AI \ Int(A/') which has no isolated components. The 
result follows if we show that the gluing map $^ commutes with one-, two-, and 
three-handle maps, corresponding to handle attachments to (— M', —7'). I.e., we 
can assume that Wo and Vi are both fc-handle cobordisms for /c = 1, 2, or 3. 
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Figure 10. 



First, we consider the case k = 2. Let L' C {—M', —7') be the framed hnk 
along which we attach the two-handles, and we write L when we consider this link 
in (— M, — 7). Then construct a triple-diagram (— Eq, ag, ^q, <5o) subordinate to 
some bouquet for L'. As explained after Theorem 16.61 we can extend (— Sg, /3q) 
to a diagram (— S', a', /3') of (—A/', —7') that is contact compatible near dM', 
which we then further extend to a diagram (— I],q;,/3) defining (— M, — 7) in a 
way compatible with ^. Next, we extend to a set of curves S by taking small 
Hamiltonian translates of the curves in /3\/3g, and denote by S' the translates of the 
curves in /3' \ /3o, together with ^g. Then the two-handle map is defined using 
the triple-diagram (— E', a', /3', ^'), while Fl can be defined using (— E,a,/3, ^). 

Take intersection points x e n and y e T^' n T/j/. Furthermore, let 
O G n T5 and 8' e T^/ n Ts' be the distinguished intersection points. Then 
My) = (y>x") and FL'(y) = F(y (g, 9'), while Fl(x) = F(x (g, 9). Denote by 
x'" G '^a\a' ri TT^^^/ the point lying closest to x", which is also F(x" ® (O \ 9')), 
see Figure [TPl So what we need to check is 

(i^(y®9'),x"') = F((y,x")®9). 

To see this, notice that the only domains in (— S, ct, /3, (5) that contain both 9 and 
x" as incoming corners consist of the small triangles next to x" , plus a domain in 
(— E', a', f3'), as all the a \ a' , (3 \ (3' , and ^ \ <5' are used up in the small triangles. 
These small triangles have corners x", 9 \ 9', and x'", and appear in the count for 
F((y, x") ® 9). The above mentioned domains in (— E', a' , 13') are exactly the ones 
counted in F{y ® Q'). The argument is analogous to the proof of the invariance of 
the map $^ under handleslides in (— Eg, ag, /Sg), found in [9]. 

The cases k = 1 and fc = 3 are analogous to the invariance of under sta- 
bilization/destabilization in (— Eg, ctg, /3g). For example, if we attach a one-handle 
to (— M',— 7'), then we start out with an arbitrary diagram (— Eg, ag, /Sg) that 
defines (— Af',— 7'), and extend it to (— E',a',/3') that is contact compatible near 
dM'. Then we use the diagram (-(E')° U A, a' U {a}, (3' U {/?}) to define the one- 
handle map by gu{y) — y x {0}, where 9 G aO P is the intersection point with the 
bigger relative grading. Note that we glue A to the subsurface —Eg of — E'. Then 
the result follows from 



(yxm,x") = (y,x")xm. 
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The case fc = 3 is very similar, we start with a diagram for (— Af, —7') that rep- 
resents the attaching sphere of the three- handle, given by Lemma l5.33l then "turn 
around" the argument for one-handles. This proves the proposition. □ 

The second part, using the Spin'^ structures, follows from the first part and 
Proposition [7TU1 This concludes the proof of Theorem 18.31 □ 

Proposition 8.6. IfW— {W,Z,£^) is the trivial cobordism from (M, 7) to (M, 7), 

then _FVv is the identity of SFH{M,"f). Furthermore, the restriction map from 
Spin'^{yV) to Spin''{M,j) is an isomorphism, and for every s G Spin'^iW), the map 
Fw,s is the identity of SFH{M,^,s\M). 

Proof. This follows from Proposition 15.441 and Proposition 17.71 □ 

Together with Theorem 18. 11 this implies the following. 

Corollary 8.7. Let (ill, 7) be a balanced sutured manifold. If the diffeomorphisms 
4>Q,4'i: (Af, 7) -T- (A^, 7) are isotopic, then 

iM* = iM* ■■ SFH{M,j) ^ SFH{M,-i). 

Proof. As explained on page 180 of [T], use Theorem 18 . 1 1 with both W and W" being 
the trivial cobordism from (Af, 7) to (Af, 7), and with d: M x I M x I being an 
isotopy between 0o and 0i. Then Proposition 18.61 gives {(fio)* = i4>i)*- Q 

So the group r(A/, 7) of isotopy classes of orientation preserving diffeomorphisms 
of (A/, 7) acts on SFH{M,^). Furthermore, if s G Spin^(Af, 7) and and (t>i are 
isotopic, then ((/)o)*(s) = (0i)*(s), call this Spin'^ structure t. Thus 4>q and (j)i induce 
the same map from SFH{M,^,s) to SFH{M,-f,i). 

Remark 8.8. If (A/', 7') is obtained from (Af, 7) using a convex decomposition, 
then we can view (— Af', —7') as a sutured submanifold of {—M, —7), and there is 
a natural contact structure ^ on M \ lnt{M'), see page 3 of Hence we can view 
this as a boundary cobordism W from (A/', 7') to (Af, 7). For nice sutured manifold 
decompositions, the map Fyy = is an embedding by [13] . 

8.2. Duality and blow-up. It follows from [4, Proposition 2.12] that there is a 
natural bilinear pairing 

CF(Y.,a,f3,s)<E)CF{~Y.,a,l3,5) Z. 

On the generators x,y g n with s(x) = s and s(y) = s, it is given by 
( X, y ) = 1 if X = y, and (x, y) = otherwise. Just as in [ini Lemma 5.1], for 
every a € CF(S, a, (3, s) and b G CF(— E, a, /3, s), we have 

{a,d-sb) = {dsa,b). 

So there is an induced pairing ( , ) on SFH{M, 7,3) ® SFH{—M, -7,5). Then Fy^ 
satisfies the following duality result. 

Theorem 8.9. Let W be a special cobordism from (Afo,7o) to (Afi,7i). Then, the 
map induced by W, thought of as a cobordism from (A/o,7o) to {Mi,ji), is dual to 
the map induced by W, thought of as a cobordism from {—Mi, —71) to (— Afg, ~7o) 
(cf Remark [2AS\} . That is, for every s G Spin''{yV) with s\M^ = U for z = 1,2, 
and each x G 5Fi7(A/o, 7o, to) and y G ^^^^(Afi, 71, ti), we have 

{Fw^s{x),y)i = {x,Fw,s{v))o- 
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Proof. This is completely analogous to [T9j Theorem 3.5]. □ 

Question 8.10. Does Theorem 18.91 hold for arbitrary balanced cobordisms? 

We will get back to this question shortly. Next, we generalize the hat version of 
the blow-up formula [ini Theorem 3.7] to our situation. 

Theorem 8.11. Let Wq be the trivial cobordism from the balanced sutured manifold 
(M, 7) to itself. Consider the blowup W = Wqi^CP , where we take an internal 
connected sum, and write E for the exceptional divisor. Furthermore, fix a Spin'^ 
structure s G Spin'^{W), and let i — 5\{M x {0}). Then s|(M x {1}) is also t, and 
the map 

Fw,, ■■ SFH{M, 7, t) ^ SFH{M, 7, t) 
is the identity if (ci(s),E) — ±1, and is zero otherwise. 

Proof. This follows from the same local computation as [EJ Theorem 3.7]. □ 

8.3. Sutured Floer homology as a TQFT. An axiomatic description of topo- 
logical quantum field theory, in short TQFT, was first given by Atiyah [T]. As 
it is explained in [2], an (n -f l)-dimensional TQFT over a field F is a symmetric 
monoidal functor from the cobordism category of ?i-manifolds to the category of 
finite dimensional vector spaces over F. 

Theorem 8.12. The functor SFH: BSut ^ Ab is a (3 -I- 1)- dimensional TQFT 
in the sense of [1 and 2 , except for the ±1 ambiguity when we are working with 
Z coefficients. 

Proof. The axioms of [1] and [2] are equivalent. Since |2] takes the cobordism point 
of view, and we are working with cobordisms, we are going to check the axioms in 

m- 

In our case, we have a finitely generated Z-modulc SFH{M, 7) assigned to every 
balanced sutured manifold (M, 7), and a homomorphism 

Fw: SFH{Mo,ja) ^ SFH{Mi,-fi) 

assigned to every balanced cobordism W from (Afo,7o) to (Mi, 71). 

Axiom (1) is naturality. It was shown in Corollary 15.201 that every orienta- 
tion preserving diffeomorphism (p: (Afo,7o) (Mi, 71) induces an isomorphism 
0* : SFH{Mo,jo) SFH[Mi,^i), well-defined up to sign. Furthermore, this as- 
signment is functorial; i.e., (■(/' o 0)^ = o 0^. The naturality of the cobordism 
maps Fyy was stated in Theorem 18. II 

Axiom (2) is functoriality; i.e.. 

This was shown in Theorem 18.31 

Axiom (3), normalization, states that if W is the trivial cobordism from (M, 7) 
to (M,7), then 

Fw: SFH{M,-f) SFH{M,-f) 

is the identity. This was shown in Proposition l8.6l 

Axiom (4) is multiplicativity. If we are working over a field, it states that there 
are functorial isomorphisms 

SFH{{Mi,^i) U (M2,72)) = SFH{Mi,-fi)®SFH{M2,i2), 
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which easily follows from the definitions. If we are working over Z, a Kiinneth- 
type formula is satisfied, although the base ring Z can essentially be replaced by 
Q and Zp. Furthermore, we set SFH{(1>) = Z, where here is the empty balanced 
sutured manifold. It is straightforward to check that these isomorphisms fit into 
the commutative diagrams in 12 that describe associativity and the unit. Finally, 
using the above identifications, we also have -FW1UW2 = Fwi "Xi ^W2- 
Axiom (5), symmetry, states that the isomorphism 

5Fi/((Afi,7i) U (M2,72)) - SFH{{M2,J2) U (Mi, 71)) 

induced by the obvious diffeomorphism corresponds to the standard isomorphism 
of vector spaces 

SFH{Mi,ji) (g) SFH{M2,r2) = SFH{M2,j2) <E> SFH{Mi,-fi). 
This is also straightforward. □ 

Remark 8.13. Similar axioms hold if we are dealing with balanced sutured man- 
ifolds endowed with Spin*^ structures, and morphisms being balanced cobordisms 
endowed with relative Spin'^ structures. These do not form a proper category, as 
the composition of (Wi,Si) and (W2,S2) does not have a well defined relative Spin*^ 
structure on it. But if we replace functoriality with the formula in Theorem 18. 3[ 
we do get a type of TQFT. 

Recall that [H Axiom 2] states that SFH{M,j) and SFH{-M,--/) are dual 
vector spaces if we are working over a field, and are related like integral homology 
and cohomology when working over Z. This was proved in [4j Proposition 2.12]. 
Furthermore, there has to be a functorial isomorphism between SFH{—M, —7) 
and SFH{M, 7)*. This follows from the set of axioms in [3]. Indeed, if we view the 
trivial cobordism W from (M, 7) to (M, 7) as a cobordism from (M, 7) U (— M, —7) 
to 0, then we get a pairing 

( , }' : SFH{M, 7) (g) SFH{-M, -7) Z, 

which is non-degenerate by |22j Theorem 2.1.1], see also the right hand side of 
Figure [11] 

Conjecture 8.14. The pairing { , )' agrees with the pairing ( , ) appearing in The- 
orem [KM 

Corollary 8.15. The above conjecture would give an affirmative answer to Ques- 
tion lKm 

Proof. Indeed, note that Theorem 18.91 is true for arbitrary balanced cobordisms if 
we replace ( , ) with ( , )'. To see this, note that a cobordism W from (Mo,7o) 
to (Ml, 71) can be decomposed as follows. Let W be W viewed as a cobordism 
from (—Ml, —71) to (— Mq, —70), and for i = 0, 1 let li be the trivial cobordism 
from (Mi,7i) to itself. Furthermore, let 2^' be Ti viewed as a cobordisms from to 
{—Mi, — 7i) U (Afi, 7i) and If is li viewed as a cobordism from (Mi, 7^) U {—Mi, —ji) 
to 0. Then _ 

W = (2^' Uli) o (Xo U WuZi) o (Zo UIO, 
see the left hand side of Figure [TTJ Note that we can compute Fx' using the 
decomposition 

Ii = (ZiUlO°(^"Uli), 
see the right hand side of Figure [TT] □ 
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M„ -M„ M, 




Figure 11. On the left, a cobordism is written as a product of 
its reverse plus other simpler pieces. The maps induced by these 
simpler pieces can be related to each other using the decomposition 
of the trivial cobordism on the right. 



Using the same trick, one can rearrange the ingoing and outgoing ends of any 
balanced cobordism W, and relate the induced map to i^yy using ( , )'. 

If we were to follow the axioms in [T] , instead of maps induced by balanced cobor- 
disms, we would need to talk about elements EHiW') G SFH{M, 7) associated to 
balanced cobordisms W from to (M, 7). It was explained in [T] how to translate 
between the two approaches. If we are given cobordism maps, then for a balanced 
cobordisms W' from to (A/, 7), we can simply take EH{W') = Fw'(l), where 
1 e SFH{il}) ^ Z. 

In the other direction, if W is a balanced cobordism from (Mo,7o) to (Afi,7i), 
then we can also view W as a cobordism W" from to (— Afo, — 70) U (Afi,7i). 
Hence 

EH{W) e SFH{{-Mo,-jo) U (Afi,7i)) ^ 
^ SFH{Mo,jo)* ® 5FiJ(Afi,7i) ^ }iom{SFH{Mo,-fo), SFH{Mi,ji)). 

So we do get a homomorphism Fyy from 5FiJ(Afo,7o) to SFH{Mi,ji) induced 
by the balanced cobordism W. It is important to note that if we decide to follow 
[1], we need to use the pairing ( , )' and not ( , ) to identify SFH{—M, —7) with 
SFH{M,-f)*. 

Remark 8.16. Another consequence of Conjecture 18.141 would be a new definition 
of the maps -FyV; only using the EH class in SFH and special cobordism maps. 
Indeed, let W = {W,Z^£) be a balanced cobordism from (Afo,7o) to (Afi,7i). Let 
7 — —70 U 7i- If we view W as a cobordism W' from to (— A/q, —70) U (Afi,7i), 
then, by definition, 

EH{W') = Fw,{l) = Fw'SEHiZ,j,0), 

where VV{ is the obvious special cobordism from (2', 7) to {—Mq, —70) U (Afi,7i). 
But we saw above that using ( , )', we can view EH{W') as a homomorphism from 
SFH{Mo,jo) to SFH{Mi,ji), which agrees with Fyy. A priori, to compute ( , }', 
one already needs to use some gluing map, but Conjecture 18.141 would eliminate 
this problem. In particular, if W is a boundary cobordism, then we would get a 
new definition for the gluing map Fyv — $5. 
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However, if one starts out with this definition of -Fyy, then Axioms 2 and 3 seem 
to be very difficult to prove without using the theory of gluing maps [9]. 

Remark 8.17. A cobordism W from the empty sutured manifold to itself is a smooth 
oriented 4-manifold W with contact boundary {Z,£^). Here ^ is a positive contact 
structure when Z ~ dW is given the boundary orientation. Then, for every relative 
Spin*^ structure s £ Spin'^(W), we have a map -Fyy.s : Z — Z. This can be computed 
using just the contact class and the cobordism map in Heegaard-Floer homology. 
More precisely, let Wq be the cobordism from Y to obtained by removing an 
open ball from the interior of W, and set Sq = s | Then 

FwJl) = ±Fwo,ooiciY,0) e HFiS'') = Z, 

where c{Y, ^) e HF(Y,5{^)) is the contact invariant defined in [18], and agrees with 
EHiY,0 by m- 

Recall that in section |4] we defined a functor W: DLinko — > BSut, and for 
{Y,L,P) 6 DLinko we have 

SFH{W{Y, L, P)) = h¥l{Y, L) ® V®'^ . 

Then Theorem 18.121 and Proposition 14. Ill give the following. 

Corollary 8.18. The functor 

SFH o W: DLinko ^ Ab/ ± 1 

is also a TQFT in the sense of [T] and [5], making link Floer homology functorial. 

8.4. Weinstein cobordisms. We conclude with defining Weinstein cobordisms, 
and showing that they preserve the EH class. The following definition extends the 
notions of [3] and [21] to sutured manifolds. 

Definition 8.19. Suppose that (Mo, 70, Co) and (Afi, 71, Ci) are contact manifolds. 
A Liouville cobordism from (Mq, 70, Co) to (Mi, 71, Ci) is a pair (W, 9), where W = 
{W, Z, ^) is a balanced cobordism from (Mo, 70) to (Mi, 71), and is a one-form on 
W with the following properties: 

(1) Lu ^ d0 is symplectic, 

(2) the Liouville vector field X defined by = 9 is transverse to every face 
of dW, enters W through Mo, and exits W through Z U Mi, 

(3) C = ker(e'lZ), Co = ker(6'|Mo), and Ci = ker(6'|Mi). 

The Liouville cobordisms {W,9) and {yV',9') are weakly (strongly) equivalent if 
there is a weak (strong) equivalence d between W and W such that d*{9') = 9. 

Example 8.20. An important instance of a Liouville cobordism is the symplectiza- 
tion of a contact manifold (M, 7, C). Let W — {W,Z,^) be the trivial cobordism 
from (M, 7) to itself. Since dM is a convex surface, there is a contact vector field 
V on M which is transverse to dM, points out of M, and w G C exactly along 7. Let 
a be a contact one- form such that C = ker(a). Then C^a = fia for some function 
/z: M ^ R. By the Cartan formula, this is equivalent to Lyda + diyOi = iia. The 
dividing set 7 coincides with the zero set of a{v) along dM. If we multiply u by a 
sufficiently small positive scalar, then we can assume that n < 1/2. Take 

9 = e*a-(i(e*a(i;)). 
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Then 

oj = d9 = e^dt A a + e*da 

is symplectic since w A cj = 2e^*dt Aa A da is nowhere zero on W. 
I claim that 

x = {i- ^i)dt + V 

is the Liouville vector field for 9. Indeed, 

iXiO = (1 - ll)Ldt^ + l-vOJ- 

Since uq^uj = e^a and 

L^Lj = —e*a{v)dt + e*Lyda = 

—e*a{v)dt + e^{^a — diyo) = jia — d{e*a{v)), 

we can conclude that lx^^ — 9. As 1 — h > 0, the vector field X points into W along 
Mq and points out of W along Mi. Furthermore, since v points out of M along 
dM, we see that X points out of W along Z = dM x /. 
For i = 0,1, the contact structure 

ker(6'|A/i) = ker(a - d{a{v))) 

is isotopic to C through contact structures. To see this, note that for every < e < 1, 
the same argument as above shows that 

9^ = e*a - d(e*a(ew)) 

induces a contact structure = ker(6'^|Mi) on Mi. For e = 0, we get that C° — 
ker(a) = C, while = ker{9\Mi). 

Finally, we show that ker(0|Z) = ^. Since Cdtd = dC^^, we have Cq^9 = 9. 
Hence dt\Z is a contact vector field on {Z, 9\Z). So for every < i < 1 the surface 
dM X {{} is convex. The dividing set on this surface is given by the equation 
9{dt) = 0. However, 

9{dt) = -d{e'a[v)){dt) = -e'a{v), 
and the function a(v)\dM vanishes exactly along 7. 

Definition 8.21. Let (W, 0) from (Afo,7o,Co) to (Mi,7i,Ci) be a Liouville cobor- 
dism, and let X be the corresponding Liouville vector field. A function H:W^M. 
is a Lyapunov function for X if if is a smooth Morse function, and there exists 
6 > and a Riemannian metric on W such that dH{X) > (5|Xp. 

Example 8.22. If {W,9) is a symplectization, then H{x,t) — t is a Lyapunov func- 
tion for X = {1 — ii)dt + V. 

Definition 8.23. We say that the Liouville cobordism (>V,0) from (Mo,7o,Co) to 
(Mi,7i,Ci) is Weinstein, if there exists a Lyapunov function H for the Liouville 
vector field X such that 

(1) a collar neighborhood A/q x / of Mq = A/q x {0} is a symplectization of 
(Afo,7o,Co) as in Example 18^201 

(2) H{x, t) = t for (x, t) e Mq x /, 

(3) there is a collar neighborhood dM^ x [0, 2] of OMq in Z that extends OMq x /, 
where H(x, t) = t, 

(4) H = 2 on {Z U Mi) \ {OMq x [0, 2]), 

(5) H has no critical points on dW. 
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Remark 8.24. Since X points out of W along Z U Mi, the negative gradient flow 
lines of X can only exit W along AIq. As explained in |3], all critical points of the 
Lyapunov function H have Morse index at most two, and the stable manifolds in- 
tersected with regular levels H~^{c) are isotropic for the induced contact structure 
ker(0|iJ^^(c)). Using [23], we see that one can build W, viewed as a special cobor- 
dism from Mq to Z U Mi, from the symplectization of (Afo,7ojCo) by attaching 
Weinstein one- and two-handles. A Weinstein one-handle attachment changes the 
boundary by taking a connected sum with a standard contact x S^. Each Wein- 
stein two- handle is attached along some Legendrian knot K with framing tb{K) — 1. 

Theorem 8.25. Let (yV,0) be a Weinstein cobordism from the contact manifold 
(A/o,7o,Co) to (Mi,7i,Ci). Lets € Spin'^{W) be the Spin'' structure associated with 
Lu — dO. As explained in Remark \2.12[ we can view as a balanced cobordism W 
from (-Afi,-7i) to (-A/0,-70). Then 

F^jEH{Mi,ji,Ci)) = EH{Mo,^oXo)- 

Remark 8.26. Recall that for i = 0, 1 we have 

EH{M„-r„Q) e SFH{~M„~-r„s{Q). 

Furthermore, s\Mi — 5{(i), and 

F^ ,: SFH{-Mi, -7i,s(Ci)) ^ SFH{^Mo, -7o,s(Co)). 

Proof. Consider the cobordism W ~ {W,Z,S^) from (— Afi,— 71) to (— Mq,— 70). 
First, suppose that Z has no isolated components and set N = Mi U Z. Then 
Fy^ — Fyy^ o whcrc Wi is a special cobordism from (— A^, —70) to {—Mq, —70)- 
By Theorem 16. 6[ we have 

^^{EH{Mi,ji,Ci)) ^ EH{N,joXi^O- 

We can view Wi as a special cobordism Wi from {Mq, 70) to (A^, 70) As explained 
in Remark [8.241 we can build Wi from the symplectization of (Mo,7o,Co) by first 
attaching Weinstein one-handles, then attaching Weinstein two-handles along a 
Legendrian link L with framing tb{L) — 1. Hence we are done if we prove the result 
when W is a Weinstein one- or two-handle cobordism. 

Suppose that W is a Weinstein one-handle cobordism, which connects (Mq, 70, Co) 
with (Mo#(S'^ X S'^), 7o, Ci)- The contact structure Ci agrees with Co minus a stan- 
dard contact ball on Mq \ B^, and is the unique tight contact structure minus a 
standard contact ball £^std on {S^ x S'^)\B'^ . Fix a partial open book decomposition 
{So, ho: Pq — s> So) for (Mo,7o,Co), and let (Sq, ckq, /^o) be the associated balanced 
diagram. Furthermore, let (S, h: P — ^ 5*) be the partial open book decomposition of 
{{S^xS^){l),£_std) described in (THJ Example 1]. It agrees with the partial open book 
of Example 16. 3[ except that the map h is the identity of P. We are going to denote 
by (E, a, /3) the corresponding balanced diagram of {S^ x S'^)(l). Then E = T'^\B'^, 
the curves a and /3 intersect in exactly two points, and a is a small Hamiltonian 
translate of (3. Let y £ a n /3 he the intersection point with the smaller relative 
grading. If we take the boundary connected sum of So and S along dSo \ Po and 
dS \ P, then we get a partial open book decomposition for (Mo#(S'^ x S"^), 70, Ci), 
which induces the balanced diagram (EqI^E, ag U {a},(3o U {/3})- Let x e Tag HT^g 
be the distinguished generator representing EH{Mq, 70, Co): and note that y repre- 
sents EH{{S^ X S^){l),^,td). Then x x {y} represents EH{Mo#{S^ x 5'2),7o,Ci). 
The curves a and j3 bound a periodic domain which represents a sphere {p} x S^ 
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inside x S^. The cobordism W corresponds to a three- handle attached along 
{p} X S^, so by Definition I5.34[ the map Fyy takes x x {y} to x, which proves the 
claim for Weinstein one-handles. 

Now assume that W is a Weinstein two-handle cobordism corresponding to a 
Legendrian knot K in (Afo,7oiCo)- Then the proofs of [HI Proposition 4.4] and 
[l9l Theorem 3.5] imply that the EH class is preserved by Fyy . More concretely, in 
the proof of [T^, Proposition 4.4] they construct a partial open book decomposition 
{S,h: P — > 5) for (Mq, 70, Co) which contains the Legendrian knot K inside P. This 
gives rise to a triple diagram (S, a, (3, S) which is subordinate to some bouquet for 
K. As described in the proof of Jjl, Theorem 3.5], if (S, ot,f3, 6) corresponds to the 
two-handle cobordism W, then (— E, a, S, (3) corresponds to W. We end up with the 
configuration depicted on Figure fTOl where there is a distinguished triangle mapping 
the generator representing EH{Mi,ji, Ci) to the one representing EH{AIq, 70, Co)- 

If Z does have isolated components, then Fyy = Pyv^, where W is the cobordism 
from {-Ml, -71) to (-Mq, -70) U {B,S) given by Definition Ol Note that B C Z 
and ker(^?|i?) = £^\B is a union of standard contact balls. Let W' be W" viewed as 
a cobordism from (Mo,7o) U {—B, —S) to (Afi,7i). Then {W',6) is not a Liouville 
cobordism, since the Liouville vector field X points out of W along B. To fix this, 
attach a Weinstein one- handle to each component of B along one of its feet. Then 
9 plus the Liouville one-forms on the one-handles give a one-form 9' such that the 
new Liouville vector field X' points in along the free feet of the one-handles. The 
contact structure f on Z is left unchanged, since I x has a unique tight contact 
structure. The cobordism (W",0') is also Weinstein, since a Lyapunov function H 
on W extends to the one-handles with a unique index one critical point in each. 
Let ^0 = ker(6''|(— i?)), then (— i?,Co) is also a union of standard contact balls. If 
we apply the previous part to the Weinstein cobordism {W , 9'), then we get that 

Fy^^,,iEH{Mi,ji,Ci)) = EH{Mo,jo,Co)®EH{-B,-S,Co), 

where s' = s\W' . As EH{-B, -S, ^0) = ±1 £ SFH{B, 6), the right hand side maps 
to £'7J(Mo, 70, Co) under the isomorphism 

SFH{-Ma, -70) (g) SFH{B, S) SFH{-Ma, -70). 

□ 

Corollary 8.27. Let {W,9) from (Mo,7o,Co) to (Mi,7i,Ci) be a Weinstein cobor- 
dism. If EH {Mo, -f 0X0) ^ 0, then EH{Mi,-fi,C,i) ^ 0. 
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